The mathematical theory of some of the elastic properties of crystals by Lister, M.
THE MATHEMATICAL THEORY
OE SOME OE THE
ELASTIC PROPERTIES OE CRYSTALS
M. LISTER.
D e c .  1950
ProQuest Number: 10097584
All rights reserved
INFO R M A TIO N TO ALL U SER S  
The quality of this reproduction is dependent upon the quality of the copy submitted.
In the unlikely event that the author did not send a complete manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.
uest.
ProQuest 10097584
Published by ProQuest LLC(2016). Copyright of the Dissertation is held by the Author.
All rights reserved.
This work is protected against unauthorized copying under Title 17, United States Code.
Microform Edition ©  ProQuest LLC.
ProQuest LLC 
789 East Eisenhower Parkway 
P.O. Box 1346 
Ann Arbor, Ml 48106-1346
I n d e x
I n t r o d u c t i o n
P a g e
1 . Quantum l a w s  o f  m o t i o n 1
2 . L a t t i c e  g e o m e t r y  a n d  s t r a i n  o . .  .................. 9
3 . L a t t i c e  i n v a r i a n t s  and  c o v a r i a n t s  . . . 17
4 . Homogeneous d e f o r m a t i o n s , s t r a i n  an d  e n e r g y 22
5 . Homogeneous d e f o r m a t i o n  a n d  s t r e s s  . . . 27
6o C e n t r a l  f o r c e s  . . .  . . .  . . .  . . .  . . . 29
7 . S t r a i n  e n e r g y  f u n c t i o n  . . .  . . .  . . .  . . . 32
8o T r a n s f o r m a t i o n s  . . . 3 4
9o R e l a t i o n s  e x i s t i n g  b e t w e e n  e l a s t i c  c o n s t a n t s 37
10 o Form o f  s t r a i n  e n e r g y  f u n c t i o n  . . .  . . . 44
l l o E l a s t i c  m o d u l i  .......................... .. . . .  . . o 46
1 2 . S t a b i l i t y  C r i t e r i a  . . .  , . «  . . .  . . . 49
1 3 . S t a b i l i t y  o f  a  L i n e a r  L a t t i c e  . . .  . . . 53
1 4 . S t a b i l i t y  o f  t h e  T h r e e  B r a v a i s  T y p e s  o f
C u b ic  L a t t i c e s  . . .  . . .  . . .  . . . 56
1 5 . Long-Wave an d  S h o r t - W a v e  S t a b i l i t y  f o r  t h e  
P a c e - C e n t r e d  C u b ic  L a t t i c e  .................. 71
1 6 . S t a b i l i t y  o f  R h o m b o h e d r a l  B r a v a i s  L a t t i c e s 78
1 7 . F o r m u l a t i o n  o f  t h e  S t a b i l i t y  C o n d i t i o n s
f o r  a n  A r b i t r a r y  L a t t i c e  .......................... 86
1 8 . M o n a to m ic  H e x a g o n a l  L a t t i c e s  . . .  . . . 89
1 9 . I n s t a b i l i t y  o f  t h e  H e x a g o n a l  L a t t i c e  . . .  . . . 96
2 0 . S t a b i l i t y  o f  t h e  H e x a g o n a l  C l o s e - P a c k e d
L a t t i c e  . . .  . . .  . . .  . . .  .................. 98
I n d e x  (Cent’d)
P a g e
2 1 0 L a t t i c e  V i b r a t i o n s  o . .  . . .  ...................  l o i
22 .  Long  V/aves . . o  o.»        10$
230 Symmet ry  o f  t h e  L a t t i c e  a n d  t h e
D y n a m i c a l  M a t r i x  . . .  . , .  ................................ 110
2 4 .  T h e o r y  o f  F i n i t e  D e f o r m a t i o n s  o f
E l a s t i c  C r y s t a l s  . . .  . o ,  . . .  . . .  . . .  124
2 5 . T he rm o d yn am ics  o f  C r y s t a l  L a t t i c e s  -
A S i m p l i f i c a t i o n  o f  t h e  G e n e r a l  T h e o r y  140
2 6 .  T he r m o dy n am ic s  o f  C r y s t a l  L a t t i c e s  -
The E l a s t i c  C o n s t a n t s  o f  a F a c e - c e n t r e d
c u b i c  l a t t i c e  w i t h  C e n t r a l  F o r c e s  . . .  146
2 7 . The E q u a t i o n  o f  S t a t e  f o r  a  F a c e - c e n t r e d
C u b i c  L a t t i c e  . . .  . * .  . . .  . . .  . . .  1$3
C o n c l u s i o n  . . o  . ,0  . . .  . . .  . . .  . . .  . . .  1$9
R e f e r e n c e s  o . .  ....................  . . .  . . .  . . .  . . .  . . .  160
I n t r o d u c t i o n .
The f i r s t  c o m p l e t e  t h e o r y  o f  t h e  s o l i d  s t a t e  was due t o  
B o r n  ( 2 ) .  He c o n s i d e r e d  a c r y s t a l  a s  c o n s i s t i n g  o f  a  r e g u l a r  
p e r i o d i c  a r r a n g e m e n t  o f  a t o m s .  The s i m p l e s t  r e p r e s e n t a t i o n  
o f  t h i s  r e g u l a r  a r r a n g e m e n t  i s  a s  a  t h r e e - d i m e n s i o n a l  l a t t i c e  
o f  b a s i c  p a r a l l e l e p i p e d s  e a c h  c o n t a i n i n g  t h e  same num ber  o f  
a to m s  i n  s i m i l a r  p o s i t i o n s .  M a c r o s c o p i c a l l y  s m a l l  p a r t i c l e s  
o f  s o l i d s  c o n t a i n  a v e r y  l a r g e  number  o f  a to m s  a n d  t h e s e  w i l l  
h a v e  t h e  same r e g u l a r  p a t t e r n  a s  f o u n d  i n  much l a r g e r  
c r y s t a l s ,  so t h e  l a t t i c e  r e p r e s e n t a t i o n  may b e  t a k e n  a s  
i n c l u d i n g  m o s t  o f  t h e  s o l i d  s t a t e .  T h e r e  may b e  m a rk e d  
i r r e g u l a r i t i e s  due t o  s u r f a c e  e f f e c t s  i n  v e r y  t i n y  
c r y s t a l l i t e s  b u t  t h e s e  w i l l  n o t  h a v e  s u c h  a  g r e a t  i n f l u e n c e  
on  t h e  p r o p e r t i e s  o f  a  l a r g e r  c r y s t a l .
A c c o r d i n g  t o  c l a s s i c a l  t h e o r y  t h e  a to m s  i n  t h e s e  m o d e l s  
w i l l  n o t  be  f i x e d  i n  p o s i t i o n  r e l a t i v e  t o  t h e  l a t t i c e  b u t  w i l l  
o s c i l l a t e  a b o u t  t h e i r  e q u i l i b r i u m  p o s i t i o n s  u n d e r  t h e  
i n f l u e n c e  o f  t h e  f o r c e s  b e t w e e n  th e m  a n d  t h e  o t h e r  a to m s  i n  
t h e  c r y s t a l .  B o r n  o b t a i n e d  a n  e x p r e s s i o n  f o r  t h e  p o t e n t i a l  
e n e r g y  o f  a  d e f o r m e d  l a t t i c e  an d  t h e  e q u a t i o n s  o f  m o t i o n  f o r  
t h e  a to m s  o f  a  l a t t i c e  a s s u m i n g  t h e  f o r c e s  b e t w e e n  t h e  a to m s  
t o  b e  c e n t r a l  f o r c e s  a n d  he  d e v e l o p e d  t h e  t h e o r y  o f  v a r i o u s  
p h y s i c a l  p r o p e r t i e s  on t h i s  same a s s u m p t i o n .
I t  i s ,  h o w e v e r ,  p o s s i b l e  t o  t r e a t  t h e  c r y s t a l  l a t t i c e  a s  
a  qu a n tu m  m e c h a n i c a l  s y s t e m  a n d  f o l l o w i n g  t h e  w or k  o f  B o r n
a n d  O p p e n h e im e r  ( 9 ) t h i s  m e th o d  i s  u s e d  i n  s e c t i o n  1 t o  
o b t a i n  t h e  d y n a m i c a l  e q u a t i o n s  f o r  a  s y s t e m  o f  a to m s  c o n s i s t ­
i n g  o f  a  num ber  o f  n u c l e i  s u r r o u n d e d  by  a  c l o u d  o f  e l e c t r o n s .
The f o l l o w i n g  s e c t i o n s  o f  t h e  p a p e r  a r e  d e v o t e d  t o  
e x p l a i n i n g  t h e  g e o m e t r y  o f  t h e  l a t t i c e  and  t h e  e f f e c t  o f  
s m a l l  d e f o r m a t i o n s  and  e x p r e s s i o n s  f o r  t h e  p o t e n t i a l  e n e r g y  
a n d  e n e r g y  d e n s i t y  a r e  d e v e l o p e d .  H o o k e r s  l a w ,  g i v i n g  t h e  
g e n e r a l  r e l a t i o n  b e t w e e n  s t r e s s  and  s t r a i n  i s  t h e n  o b t a i n e d  
a n d  t h e  36 e l a s t i c  c o n s t a n t s  i n t r o d u c e d .  I t  i s  shown
t h a t  Cptr - C- so t h a t  t h e  num ber  o f  i n d e p e n d e n t
c o n s t a n t s  i s  r e d u c e d  t o  . F i n a l l y ,  when c e n t r a l  f o r c e s  
b e t w e e n  t h e  a to m s  i s  a s s u m e d ,  t h e  t h e o r y  l e a d s  t o  t h e  
C a u c h y  r e l a t i o n s ,  t h i s  num ber  i s  r e d u c e d  t o  \S“ .
The e l a s t i c  c o n s t a n t s  c a n  a l s o  b e  c o n s i d e r e d  a s  t h e  
c o e f f i c i e n t s  o f  t h e  s t r a i n  e n e r g y  when e x p r e s s e d  i n  t e r m s  o f  
t h e  s t r a i n  c o m p o n e n t s ,  a n d  i n  t h e  c a s e  o f  a c r y s t a l  t h e  
num ber  o f  i n d e p e n d e n t  i s  . C r y s t a l s ,  h o w e v e r ,  p o s s e s s
c e r t a i n  e l e m e n t s  o f  sym m etry  a nd  i n  v i r t u e  o f  t h e s e  t h e  
num ber  o f  i n d e p e n d e n t  e l a s t i c  c o n s t a n t s  i s  s t i l l  f u r t h e r  
r e d u c e d .  The r e l a t i o n s  b e t w e e n  t h e  e l a s t i c  c o n s t a n t s  f o r  
a l l  k i n d s  o f  c r y s t a l  sy m m etry  h a v e  b e e n  o b t a i n e d  i n  a  g e n e r a l  
f o r m  a s  a  m a t r i x  e q u a t i o n  i n  s e c t i o n  7 ,  m a k in g  u s e  o f  t h e  
i n v a r i a n c e  o f  t h e  s t r a i n  e n e r g y .  The e q u a t i o n  h a s  b e e n  
w o r k e d  o u t  i n  d e t a i l  f o r  t h e  v a r i o u s  g r o u p s  o f  c r y s t a l s  a n d  
t h e  r e s u l t s  h a v e  b e e n  l i s t e d .  T hey  a r e ,  o f  c o u r s e ,
11
i d e n t i c a l  w i t h  t h e  r e s u l t s  f o u n d  i n  Love  (1 4 )  and  i n  W o o s t e r  
( 1 9 ) b y  s l i g h t l y  d i f f e r e n t  m e t h o d s .
I n  r e c e n t  y e a r s ,  f u r t h e r  w o rk  on c r y s t a l  p r o p e r t i e s  h a s  
b e e n  done  by  B o r n  a n d  h i s  c o l l a b o r a t o r s .  I n  one g r o u p  o f  
p a p e r s  t h e  s t a b i l i t y  c o n d i t i o n s  f o r  v a r i o u s  s i m p l e  t y p e s  o f  
c r y s t a l s  i s  d i s c u s s e d ,  s t a r t i n g  w i t h  t h e  s t a b i l i t y  o f  a  
l i n e a r  l a t t i c e  ( 3 ) .  T h i s  t h e o r y  i s  d e v e l o p e d  f o r  t h e  c a s e s  
o f  t h e  B r a v a i s  c u b i c  l a t t i c e s ,  a s  i n  t h e  p a p e r s  o f  B o r n  (3 )  
a n d  Pow er  ( 1 8 ) ,  t h e  r h o m b o h e d r a l  l a t t i c e s ,  a s  i n  t h a t  o f  
P e n g  and  Pov/er  ( 1 7 ) and  t h e  h e x a g o n a l  l a t t i c e s  a s  i n  t h a t  o f  
B o r n  ( 4)0
The f o r m  o f  t h e  d y n a m i c a l  m a t r i x ,  i n t r o d u c e d  i n  s e c t i o n  
1 ,  i s  a g a i n  c o n s i d e r e d .  A m a t r i x  e q u a t i o n  i s  o b t a i n e d ,  
s i m i l a r  to  t h a t  o f  s e c t i o n  7 a n d  s o l v e d  f o r  two s t a b l e  
c r y s t a l  l a t t i c e s ,  t h e  f a c e - c e n t r e d  c u b i c  and  t h e  c l o s e -  
p a c k e d  h e x a g o n a l  l a t t i c e s  a s  i n  B o rn  a n d  B e g b i e ,  ( l )  a n d  ( 6 ) .
The l a s t  s e c t i o n s  d e a l  w i t h  t h e  v a r i a t i o n  o f  e l a s t i c  
c o n s t a n t s  w i t h  t e m p e r a t u r e  a s  i n  B r a d b u r n  ( lo )  a n d  Gow ( I 3 ) .
A s h o r t c o m i n g  o f  m o s t  o f  t h e  t h e o r y  i s  t h a t  i t  i s  o n l y  
v a l i d  f o r  v e r y  s m a l l  d i s p l a c e m e n t s  a n d  a l s o  many o f  t h e  
a p p r o x i m a t i o n s  u s e d  a r e  o n l y  p o s s i b l e  w i t h  n o n - i o n i c  an d  
n o n - m e t a l l i o  c r y s t a l s  when t h e  f o r c e s  a c t i n g  a r e  e i t h e r  n o t  
c e n t r a l  o r  when t h e  c o n v e r g e n c e  i s  n o t  s i m p l e .  An a t t e m p t  
h a s  b e e n  made t o  c o n s i d e r  t h e  e f f e c t  o f  f i n i t e  d e f o r m a t i o n s  
b u t  t h e  o t h e r  c o n s i d e r a t i o n s  a r e  b e y o n d  t h e  s c o p e  o f  t h i s  
d i s s e r t a t i o n .
I l l
1.  Q.UAHTUM LAWS OF MOTION.
A s i n g l e  c r y s t a l  d i f f e r s  f r o m  a s y s t e m  o f  m o l e c u l a r  
d i m e n s i o n s  b y  i t s  f i n i t e  s i z e ;  i t  i s  t h e r e f o r e  s i m u l t a n e o u s l y  
s u b j e c t  t o  t h e  l aw s  o f  q u a n tu m  m e c h a n i c s  f o r  i t s  i n t e r n a l  
c o n s t i t u t i o n  a nd  t o  t h e  l a w s  o f  c l a s s i c a l  m e c h a n i c s  f o r  i t s  
e x t e r n a l  r e a c t i o n s .  The q u a n t u m  l a w s  o f  m o t i o n  a r e  o b t a i n e d  
i n  t h i s  s e c t i o n ;  t h e  g r e a t e r  p a r t  o f  i t  b e i n g  t a k e n  f r o m  a  
p a p e r  by  B o r n  a n d  O p p e n h e i m e r ,  ( 9 ) .
A s y s t e m  o f  a t o m s  c o n s i s t s  o f  a  number  o f  n u c l e i  
s u r r o u n d e d  b y  a  c l o u d  o f  e l e c t r o n s .  The k i n e t i c  e n e r g y  o f  
t h e  n u c l e i  may be  d e n o t e d  by  , t h a t  o f  t h e  e l e c t r o n s  by  "Tg 
a n d  t h e  Coulomb e n e r g y  b e t w e e n  t h e  p a r t i c l e s  by  . The 
m a s s  a n d  t h e  r e c t a n g u l a r  c o o r d i n a t e s  o f  t h e  e l e c t r o n s  a r e  
d e n o t e d  by
and  o f  t h e  n u c l e i  by
The k i n e t i c  e n e r g y  o f  t h e  e l e c t r o n s  i s  o f  t h e  f o r m
"'e -  -  Ÿ  1  . . . ( 1 . 1 )
The k i n e t i c  e n e r g y  o f  t h e  n u c l e i  i s  o f  t h e  f o r m
T .  .  -  f  Z  it; &
As onrv/ i s  Small t h e  m o t i o n  o f  t h e  n u c l e i  w i l l  b e  s low  c o m p a r edI
w i t h  t h a t  o f  t h e  e l e c t r o n s ,  and t h e  c o r r e s p o n d i n g  s o l u t i o n  o f
t h e  wave e q u a t i o n  w i l l  a p p e a r  a s  an  e x p a n s i o n  w i t h  r e s p e c t  t o
- 1 -
some power  o f  rnry^  , w h e re  Mq i s  some f i x e d  n u c l e a r  m a s s .
U s i n g  t h e  e x p a n s i o n  p a r a m e t e r
K * . o , ( l o 2 )
•  -  « ' f  Z  % '  1
w h e r e  H, i s  o f  t h e  same o r d e r  o f  m a g n i t u d e  a s
—g + Ut = H. ; x) . . . ( 1 . 4 )
T h a t  m eans  t h a t  i f  t h e  wave f u n c t i o n  4  ^ s p r e a d s  o v e r  r e g i o n s  
o f  t h e  same o r d e r  o f  m a g n i t u d e  i n  x  and  X  ^ t h e n  and  
Http a r e  q u a n t i t i e s  o f  t h e  same o r d e r  i n  t h i s  d o m a in .
The t o t a l  e n e r g y  o p e r a t o r  i s
H = Ho -V k ‘^ Hj 0 . . { 1 .5  )
a n d  t h e  wave e q u a t i o n
(,H -  E ) p ( p c , x ) = i O  . . . ( l . ô )
I n  o r d e r  to  s o l v e  t h i s  e q u a t i o n ,  b y  an  e x p a n s i o n  v / i t h  
r e s p e c t  t o  K, , t h e  n u c l e i  a r e  c o n s i d e r e d  f i x e d  i n  a r b i t r a r y  
p o s i t i o n s  ( X g i v e n  c o n s t a n t s )  an d  t h e  c o r r e s p o n d i n g  wave 
e q u a t i o n  (h® -  Eg) = o . , . ( 1 , 7 )
s o l v e d .  As d e p e n d s ,  a c c o r d i n g  t o  ( 1 . 4 )  on t h e  c o o r d i n a t e s  
X 9 so do t h e  e i g e n - v a l u e  and  t h e  e i g e n - f u n c t i o n ; l e t  one o f  
t h e s e  b e  d e n o t e d  b y
E" « X) . , . ( 1 . 8 )
w h e r e  d e n o t e s  an  e l e c t r o n i c  s t a t e .
i . e .  (H® -  f n ) f n U , x )  = o , , . ( 1 . 9 )
T h e s e  f u n c t i o n s  a r e  a s s u m e d  known i n  a c e r t a i n  r e g i o n  o f  t h e  
A - s p a c e  s u r r o u n d i n g  t h e  p o i n t  5 t h e n  t h e y  c a n  b e
c o n s i d e r e d  a s  f u n c t i o n s  o f  t h e  d e v i a t i o n s  jjl d e f i n e d  by
- 2 -
« • • ( 1 • 1 0 )
K -  A.® + io .
The f u n c t i o n s  o f  ox a r e  o b t a i n e d  b y  s u b s t i t u t i n g  ( 1 . 9 )  i n  
( 1 . 8 ) and  e x p a n d i n g  w i t h  r e s p e c t  t o  K i . e .
X)






. Z .  I ' i . ’ € '
(.1'^  .  10^
. . . ( 1. 12)
. . . ( 1 , 1 3 )
w i t h c  =  z  S I f "
i  a x i
(ipn b e i n g  t h e  c o m p l e x  c o n j u g a t e  o f  «Pr,*
The  o p e r a t o r  Ho c a n  be  e x p a n d e d  i n  t h e  same way
H o  «  -1-  K H o  +  vc’ - Ho'-’-’  ->■ . . . . . . . . . . . . . . . . .
From  ( 1 . 7 )  f o r  a n  a r b i t r a r y  s e t  o f
iHolno, = i <?* t^iX) Ho Cp^.UjX) (Lse
I w . I \ 4 *  I»;  X) Ho 4n UjX1 -  î n^X)
. . . (1.14)
. . . ( 1 . 1 5 )
. .(1.16)
Hence  t h e  power  s e r i e s  o f  t h e s e  two q u a n t i t i e s  c o i n c i d e ,  t e r m  
by  t e r m
u r  r . i
(.Tl
T; l , l j3 . ( 1 . 1 7 )
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S u b s t i t u t i n g  ( 1 , 1 $ )  and  ( l . l l )  i n t o  ( 1 , 9 )  t h e  f o l l o w i n g  s e t
o f  e q u a t i o n s  i s  o b t a i n e d
toi T .  Co") % ol c  -  i n  4
-  i n  = o  
u r  -  m  fn'-' + K ’ -  i n  r  ^  w r  -  m  4 h o
M u l t i p l y  ( l . l 8 ) b y  and  i n t e g r a t e  w i t h  r e s p e c t  t o
"...(1 .18)
g i v i n g
I C  -  î D
n^n» - ' a On = A'
Z. O A
The e x p a n s i o n  o f  14^ i s  now n e e d e d
S i n c e




, • ,  ( 1 • 20 )
, . . ( 1 . 2 1 )
 /
The o p e r a t o r  H g i v e n  b y  ( 1 . $ ) ,  h a s  a c c o r d i n g  t o  ( 1 . 1 $ )  
a n d  ( 1 , 21 ) t h e  f o l l o w i n g  e x p a n s i o n  w i t h  r e s p e c t  t o  K •
H ^ +. K Ho' + k’-CHo' ' + « n  ^ ................  . . . ( 1 . 2 2 )
I f  t h e  e i g e n - f u n c t i o n s  a n d  e i g e n - v a l u e s  a r e  a l s o  e x p a n d e d
t-vl . . .(1 .23)
104. K +- +
t h e  f o l l o w i n g  s e t  o f  e q u a t i o n s  i s  o b t a i n e d
u) ( H r  -  -  o
W iH"'  -  E " ' )
I ' " ) -  E n 4' ^ '  =  H r - n r )  4^° ’  +  ( E ^ ' ^ -  H i " ) r  J
’. . . ( 1 . 2 4 )
-4 -
The g e n e r a l  s o l u t i o n  o f  t h e  z e r o  a p p r o x i m a t i o n  i s
W  . . . ( 1 . 25 )
S u b s t i t u t i n g  i n  t h e  s e c o n d  e q u a t i o n  ( 1 . 2 4 )  a n d  s i n c e  and ^
a r e  o r t h o g o n a l  t h e  f o l l o w i n g  r e l a t i o n  i s  o b t a i n e d
W  = o  . . . ( 1 . 2 6 )
S i n c e  =- f t X i * . | J a n d  W  + o
iH o X  '  i f  '  . . . ( 1 . 2 7 )
u s i n g  ( 1 . 1 7 ) .
How i s  a  c o n s t a n t  i n d e p e n d e n t  o f  t h e  ac and  ^  .
5^*' i s  a l i n e a r  f u n c t i o n  o f  t h e  . Hence  t h e  o n l y  
p o s s i b i l i t y  i s  = G *5 n - o
.  z  o -  . . . ( 1 . 28 ,
i . e .  m us t  b e  s t a t i o n a r y  f o r  t h e  n u c l e a r  c o n f i g u r a t i o n  x
X.® . I f  t h i s  c o n d i t i o n  i s  n o t  s a t i s f i e d  t h e  me tho d  of  
p e r t u r b a t i o n s  c a n n o t  b e  c o n t i n u e d  t o  h i g h e r  a p p r o x i m a t i o n s .
S u b s t i t u t i n g  f o r  i n  ( 1 . 2 4 ) Wand p u t t i n g  % o -  Èn
t h e  f o l l o w i n g  e q u a t i o n  i s  o b t a i n e d
iwr -  O t r  = -  . . . ( 1 . 2 9 )
C o m p a r in g  t h i s  v / i t h  ( l . l 8 )  i t  c a n  b e  s e e n  t h a t
w h e r e  i s  g i v e n  b y  ( l . l j ) ,  i s  a  s o l u t i o n  o f  ( 1 , 29 ) .
din s a t i s f i e s  t h e  l e f t - h a n d  s i d e  o f  ( 1 . 2 9 ) so  m u l t i p l y i n g
i t  b y  t h e  g e n e r a l  e x p r e s s i o n  Cuuu) t h e  f o l l o w i n g  i s  o b t a i n e d  
f o r  s -
H w "  . . . ( 1 . 3 0 )
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S u b s t i t u t i n g  ( I . 3 0 ) and  ( 1 . 2 $ )  i n  t h e  l a s t  o f  e q u a t i o n s  ( 1 . 2 4 )
Ch';’ -  -  wT -  H r )
_ » r  u r  < ’ ^
M u l t i p l y  t h i s  b y  a  7-a and  i n t e g r a t e  w i t h  r e s p e c t  t o
^  . Then s i n c e  and  a r e  o r t h o g o n a l  and  ( 1 , 2 7 )  i s  
s a t i s f i e d  [ 5 ^ '  -  I r t f U  -  Y^'-- °  . . . ( I . 3 2 )
f r o m  w h i c h  t h e  wave f u n c t i o n  o f  t h e  n u c l e a r  movemen t ,
c a n  be  d e t e r m i n e d .
A c c o r d i n g  t o  ( 1 . 2 7 ). r - \ I
r e p r e s e n t s  t h e  s e c o n d  o r d e r  t e r m s  w i t h  r e s p e c t  t o  t h e
d i s p l a c e m e n t s  x l  , and  f r o m  ( I . 3 ) i t  c a n  be  s e e n  t h a t ,  a p a r t  
f r o m  t h e  f a c t o r  , 14,^  ^ i s  t h e  k i n e t i c  e n e r g y  ~~^ h/
e x p r e s s e d  a s  an  o p e r a t o r  a c t i n g  on t h e  v a r i a b l e s  xl ,
I f  t h e  a p p r o x i m a t i o n  i s  b r o k e n  o f f  a t  t h i s  s t a g e  i t  i s  
n o t  n e c e s s a r y  t o  r e t a i n  t h e  e x p a n s i o n  p a r a m e t e r  a n y  l o n g e r .  
M u l t i p l y  ( 1 . 3 2 ) by  and r e p l a c i n g  K’* by
b y  XL , ( 1 . 3 2 ) c a n  be  w r i t t e n  a s
$ 0^  ^W  -  ^  • • • ( 1 * 3 3 )
E q u a t i o n s  ( 1 . 2 8 ) ,  ( I . 3 2 ) and  ( 1 . 3 3 )  show t h a t  t h e  
e l e c t r o n i c  e n e r g y  f o r  f i x e d  n u c l e i  ' p l a y s  t h e  p a r t  o f
t h e  p o t e n t i a l  e n e r g y  f o r  t h e  movement  o f  t h e  n u c l e i ,  i f  t h e  
a p p r o x i m a t i o n  i s  b r o k e n  o f f  a t  t h e  s e c o n d  o r d e r .  H i g h e r  
a p p r o x i m a t i o n s  t h e n  l e a d  t o  c o u p l i n g  t e r m s  b e t w e e n  t h e  
e l e c t r o n i c  and  n u c l e a r  m o t i o n .  Fo r  m o l e c u l e s  w i t h  l i n e a r
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d i m e n s i o n s  o f  t h e  same o r d e r  a s  t h o s e  o f  a s i n g l e  a t o m  t h e s e  
s t a t e m e n t s  a r e  n o t  q u i t e  c o r r e c t  s i n c e  some o f  t h e  X a r e  
a n g l e s  d e s c r i b i n g  t h e  f r e e  r o t a t i o n  o f  t h e  m o l e c u l e  a s  a  w h o le .  
T h i s  c o n t r a d i c t s  t h e  a s s u m p t i o n  t h a t  a l l  n u c l e a r  c o o r d i n a t e s  
X p e r f o r m  s m a l l  o s c i l l a t i o n s .
I n  t h e  c a s e  o f  c r y s t a l s  t h i s  c o m p l i c a t i o n  c a n  b e
n e g l e c t e d .  F o r  a  m a c r o s c o p i c  p i e c e  o f  c r y s t a l  i s  so l a r g e
t h a t  t h e  r o t a t i o n a l  t e r m s  ( w h i c h  c o n t a i n  t h e  moments o f  i n e r t i a  
i n  t h e  d e n o m i n a t o r )  a r e  e x c e e d i n g l y  s m a l l .  The o n l y  i n f l u e n c e  
o f  t h e  f r e e  m o b i l i t y  o f  t h e  s y s t e m  a s  a  w ho le  on t h e  t h e o r y  
c o n s i s t s  i n  t h e  c o n d i t i o n  t h a t  t h e  f u n c t i o n  î n W  m u s t  b e
i n v a r i a n t  f o r  a l l  t r a n s l a t i o n s  a n d  r o t a t i o n s .
The n u c l e i  o f  t h e  s y s t e m  a r e  now d i s t i n g u i s h e d  b y  a n  
i n d e x  ~ , L e t  be  t h e  mass  o f  t h e  n u c l e u s
^  5 i t s  c o o r d i n a t e s ;  t h e  c o r r e s ­
p o n d i n g  d i s p l a c e m e n t s .
The i n d e x  on o f  t h e  e l e c t r o n i c  energ}^ i s  now
o m i t t e d .  ^  i s  now t h e  e l e c t r o n i c  e n e r g y  o f  t h e  g r o u n d
s t a t e .  The f o l l o w i n g  a b b r e v i a t i o n s  a r e  u s e d
il—  .  . . . (1.34)
T h e  d e r i v a t i v e s ] ^ t a k e n  i n  t h e  e q u i l i b r i u m  c o n f i g u r a t i o n  
T h e s e  q u a n t i t i e s  a r e  a l s o  u s e d
• - p ! = r  I * * ' )  . . . ( 1 . 3 5 )
They  c a n  b e  c o n s i d e r e d  a s  t h e  e l e m e n t s  o f  a t e n s o r  o r  a  m a t r i x ,  
c a l l e d  t h e  d y n a m i c a l  m a t r i x .
I n s t e a d  o f  t h e  A) t h e  r e d u c e d  d i s p l a c e m e n t s  a r e  u s e d
IX U )  - TRT -^( i )  . . . (1 .36)
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The e q u i l i b r i u m  c o n d i t i o n s  ( 1 . 2 8 )  a r e  now
U h )  0  . . . ( 1 . 3 7 )
a n d  t h e  k i n e t i c  and  p o t e n t i a l  e n e r g y  o f  t h e  n u c l e a r  v i b r a t i o n s  
c a n  b e  w r i t t e n
. . . ( 1.38)
r ’ .  V . 2 I  I  ® . / *  * ' ) » . ( «  “ i ' - * ' )
M '
The c o r r e s p o n d i n g  c l a s s i c a l  e q u a t i o n s  o f  m o t i o n  l e a d  t o  
t h e  d e f i n i t i o n  o f  t h e  e i g e n - f r e q u e n c i e s  w ^  and  t h e  e i g e n ­
v e c t o r s  t-t)  j 3fV) w h ic h  s a t i s f y  t h e  e q u a t i o n s
- z  r  V )  u )
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2 .  LATTICE GEOMETRY a n d  STRAIN.
An i d e a l  c r y s t a l  l a t t i c e  i s  an  a t o m i c  s y s t e m ,  c o n s i s t i n g  
o f  N i d e n t i c a l  g r o u p s  o f  n u c l e i  w i t h  t h e i r  e l e c t r o n i c  
c l o u d ,  w h i c h  a r e  p e r i o d i c a l l y  r e p e a t e d  i n  s p a c e .  E x a c t  
p e r i o d i c i t y  w o u ld  i m p l y  i n f i n i t e  e x t e n s i o n  o f  t h e  c r y s t a l  
( ^  i n f i n i t e ) .  I t  w i l l  a lw a y s  b e  a s s u m e d  t h a t  fV i s  so 
l a r g e ,  t h a t  t h e  s u r f a c e  p l a y s  an  i n c o n s p i c u o u s  p a r t  f o r  t h e  
d y n a m i c s  o f  t h e  s y s t e m .
The l a t t i c e  i s  d e s c r i b e d  b y  t h r e e  b a s e  o r  f u n d a m e n t a l  
v e c t o r s  9», 0^7 , 03 ; t h e y  f o r m  a p a r a l l e l e p i p e d i c  c e l l  v / i t h  
v o l u m e s -
a| aj- 9I
0Î aï ot
Oj ' Û3 Qj
w h e re  , 0^ , a r e  t h e  c o n t r a v a r i a n t  c o m p o n e n t s  o f  t h e
v e c t o r  \ , j  , 3 )  i n  a r e c t a n g u l a r  c o o r d i n a t e  s y s t e m
f i x e d  i n  s p a c e ,  c a l l e d  a  s p a c e  s y s t e m .  T h e s e  v e c t o r s  a r e  
a l s o  u s e d  a s  a x e s  o f  a n < o b l i q u e  c o o r d i n a t e  s y s t e m  ^  f i x e d  
r e l a t i v e  t o  t h e  e q u i l i b r i u m  p o s i t i o n  o f  t h e  n u c l e i .  The 
c o m p o n e n t s  o f  t h e  i n  a r e
Oî O ) 0)  ^ GxlOj b 0)   ^ O3 (OjOj' )  . # . ( 2 . 2 )
The c o o r d i n a t e s  o f  a n y  p o i n t  i n  % may be  c a l l e d  1*  ^ , 
t h e  c o o r d i n a t e s  o f  t h e  same p o i n t  i n  S may b e  c a l l e d  .
Then t h e  t r a n s f o r m a t i o n  f r o m  t o  ^ and  v i c e - v e r s a  i s  
g i v e n  b y
. . .  - Z  f  1 “ .  Z  . . . ( 2 . 3 )
A ^
“9-
Here the matrix ^  is reciprocal to a  or
' i f  1 4 ^  -  . . . ( 2 . 4 )
à t
w h e re  ^ i 1 o i , , . . ( 2 . $ )
o J ot
9  ^ - ) 9 1 9 S ) c a n  be  c o n s i d e r e d  a s  t h e
c o v a r i a n t  c o m p o n e n t s  o f  t h e  v e c t o r  ; t h e n  t h e  f i r s t  
f o r m u l a  ( 2 . 4 )  c a n  be w r i t t e n
^  f  . . . ( 2 . 6 )
The v e c t o r s  ^  c a n  b e  e x p r e s s e d  e x p l i c i t l y  i n  t e r m s  o f  
e . g .  Jx -m. Ox. % 93 . . • ( 2 # 7 )
a i
The l e t t e r  h a s  b e e n  u s e d  f o r  t h e  K r b n e c k e r  sym bol
( 2 . $ )  b e c a u s e  t h e s e  q u a n t i t i e s  c an  be  c o n s i d e r e d  a s  t h e  m ix e d  
f o r m  o f  a  m e t r i c  t e n s o r  d e f i n i n g  t h e  g e o m e t r y  o f  t h e
l a t t i c e .
I n  r e c t a n g u l a r  c o o r d i n a t e s  t h e  s q u a r e  o f  t h e  d i s t a n c e  V* 
i  s - (ac'f" 4- 4" 2  ^  o . . ( 2 . 8 )
d/%
w h e r e  = | 1 o*. . . . ( 2 . 9 )
" O J 0^
A l t h o u g h  t h e s e  v a l u e s  c o i n c i d e  w i t h  t h o s e  o f  ( 2 . $ ) ,
i t  i s  a d v i s a b l e  t o  d i s t i n g u i s h  t h e  two t e n s o r s  by  n o t a t i o n ;  
f o r  t h e  s i m p l e  c h o i c e  o f  v a l u e s  ( 2 . 9 )  i s  o n l y  a  q u e s t i o n  o f  
c o n v e n i e n c e  ( r e s t r i c t i o n  t o  o r t h o g o n a l  5 - s y s t e m s ;  i n  
p r i n c i p l e ,  o b l i q u e  s y s t e m s  w o u ld  do a s  w e l l ,  and  t h e n  t h e
- 1 0 -
c o e f f i c i e n t s  i n  ( 2 . 8 ) o f  w ou ld  h a v e  o t h e r  n u m e r i c a l
v a l u e s  t h a n  ( 2 . 9 ) ) 9 w h i l e  t h e  d e f i n i t i o n  ( 2 . $ )  o f  i s  an
e s s e n t i a l  f e a t u r e  o f  a f f i n e  g e o m e t r y .
T r a n s f o r m i n g  t o  %  w i t h  t h e  h e l p  o f  ( 2 . 3 )
^  ^  ^ ^ = Z  S -a 9 |4. • 9 s> « * * ( 2 . 1 0 )
otyQ '
The t e n s o r  d e f i n e s  t h e  m e t r i c  i n  t h e  s y s t e m  f i x e d  i n
t h e  l a t t i c e .  The r e c i p r o c a l  t e n s o r  i s  g i v e n  b y
-  Z  L f  ••f '  . . . ( 2 . 1 1 )
s i n c e
. . . ( 2 . 1 2 )
-  z  <  V  = 1 ;
^ ^ ^ a n d  c a n  b e  u s e d  i n  t h e  w e l l  known way f o r  l o w e r i n g
i n d i c e s  f r o m  t h e  u p p e r  p o s i t i o n  t o  t h e  l o w e r  o n e ,
e . g .
f  q ;  It:  V  -  -  <
4 .  • V  * V  4  4  '  <  ;
Iw h i l e  t h e r e  i s  no s i m p l e  r e l a t i o n s  l i k e  t h e s e  f o r  , x* .
I n  t h e  r e c t a n g u l a r  s p a c e  s y s t e m  ^  f i x e d  i n  s p a c e  ( c o o r d i n a t e s  
) ,  t h e  m e t r i c  i s  r e p r e s e n t e d  by  t h e  u n i t  m a t r i x  ( 2 . 9 ) »  
h e n c e  i n  most  c a s e s  no d i s t i n c t i o n  b e t w e e n  c o v a r i a n t  and  
c o n t r a v a r i a n t  i n d i c e s  i s  n e c e s s a r y ,  a n d  ^  c a n  b e  u s e d  
i n s t e a d  o f  ,
- 1 1 -
C o n s i d e r  i n  a d d i t i o n  t o  t h e  g e o m e t r y  o f  r e a l  s p a c e  t h a t  
o f  r e c i p r o c a l  s p a c e .  The f i r s t  e q u a t i o n  ( 2 . 3 )  c a n  h e  
i n t e r p r e t e d  a s  t h e  r e p r e s e n t a t i o n  o f  t h e  v e o t o r  T ( oc.' , 
a s  t h e  c o m p o s i t i o n  o f  t h e  b a s e  v e c t o r s
X Q, l '  -V- Qx -V 03 1 . . . ( 2 , 1 3 )
I n  t h e  same way a  v e c t o r  ^  i n  r e c i p r o c a l  s p a c e  c a n  be  
i n t r o d u c e d ,  n a m e ly
o r  i n  c o o r d i n a t e s
c > .  .  I  Q .  ■ Z a / v
The s c a l a r  p r o d u c t  i s ,  i n  v i r t u e  o f  ( 2 . 6 )
I -  Ï  = 3 ' 9,  - + T o x  + 1 '  03
The m e t r i c  i n  i s  d e f i n e d  by
. . ( 2 . 16 )
w h e r e  ( 2 . 1 1 )  i s  u s e d .
The p o s i t i o n s  o f  t h e  n u c l e i  i n  a p e r f e c t l y  p e r i o d i c  
l a t t i c e  a r e  d e s c r i b e d  i n  t h i s  v/ay. T a k i n g  f o r  t h e
i n t e g e r s  \ , i  , 3 ) ,  t h e  p o i n t s  o f  a  s i m p l e  l a t t i c e
a r e  o b t a i n e d : -
 ^ Z  X CO -  9 ,1 *  9a - 0  -f cj3 -8- . . .  ( 2 . 1 8 )
JL r e p r e s e n t i n g  >t' , i s  c a l l e d  t h e  c e l l  i n d e x .
The c e l l  c o n t a i n s  a  f i n i t e  n u m b er  o f  n u c l e i ,  d i s t i n g u i s h e d  
b y  t h e i r  b a s e  i n d e x  M o ,  i . . . (n - J  ; t h e i r  c o o r d i n a t e s  i n
- 1 2 -
a r e  d e n o t e d  b y  a nd  t h o s e  i n  S b y
t U )  a, V W  4- axA"W ^ Q i % ( 2 . l 9 )
By c h o o s i n g  t h e  e q u i l i b r i u m  p o s i t i o n  o f  a  n u c l e u s  a s  o r i g i n  
i t  f o l l o w s  t h a t
- o Q <, \ ^  14) <1 -4î a  . . . .  o . • ( 2 . 2 0  )
Any n u c l e u s  o f  t h e  l a t t i c e  i n  e q u i l i b r i u m  i s  g i v e n  by  
I i )  -  ^ » ^ U )  fc I  OU) 1
l U l )  i  . . . ( 2 . 2 1 )
x ( i )  - s . u ’+ X'W) 4- a ^ U "  + AH )^) +
A l s o
-  x^^UO -  4‘) . . . ( 2 . 2 2 )
The r e c i p r o c a l  l a t t i c e  i s  d e f i n e d  a s  t h e  s y s t e m  o f  p o i n t s  
i n  r e c i p r o c a l  s p a c e  f o r  w h i c h  t h e  a r e  i n t e g e r s
=. V  i u ,  +  i .1  4 - ^  X i  . . . ( 2 . 2 3 )
A c c o r d i n g  t o  ( 2 . 1 3 ) ,  i f  r  i s  an a r b i t r a r y  v e c t o r
T .  . ^CO = 3 1 =  3 ' i .  + l U a  4 . . . ( 2 . 2 4 )
H ence  r .  I i s  t h e  e q u a t i o n  o f  a l a t t i c e  p l a n e  w i t h  t h e
M i l l e r  i n d i c e s  ( 4, , ; f o r  t h e  s e c t i o n  c u t  o u t  by
t h i s  p l a n e  on t h e  a x i s  gi i s  o b t a i n e d  f r o m  % %% o " i  
e t c .  P rom  ( 2 . 1 6 )  i t  f o l l o w s  t h a t  f o r  a n y  l a t t i c e  v e c t o r  
a n d  a n y  r e c i p r o c a l  l a t t i c e  v e c t o r  
X W . <3(t) = A'i, 4 A U ,  4 = t-H,) .  . . . ( 2 . 25 )
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Any p h y s i c a l  p r o p e r t y  o f  t h e  l a t t i c e  c a n  d e p e n d  o n l y  on 
t h e  s q u a r e s  a n d  s c a l a r  p r o d u c t s  o f  t h e  v e c t o r s  9% , g.  , ,  
T W  9 ( -4% 0*'. .. . Cn-0 ) j  b u t  n o t  a l l  o f  t h e s e  p r o d u c t s  a r e
i n d e p e n d e n t .
C o n s i d e r  t h e  e f f e c t  o f  s m a l l  d e f o r m a t i o n s  o f  t h e  l a t t i c e  
w h i c h  c a n  be  d e s c r i b e d  by  s t r a i n  c o m p o n e n t s  f o r m e d  f r o m  t h e s e  
s c a l a r  p r o d u c t s .  The s c a l a r  p r o d u c t  o f  a n y  two l a t t i c e  
v e c t o r s  f r o m  a p o i n t  i n  t h e  b a s e  t o  t h e  l a t t i c e  p o i n t s
t i )  «»■! (i) I  - ï U a )  x' • x ( i ' j l ' )
■ Ç . X ' .  .  Z  1 m  r  I  . . . ( 2 . 2 6 )
I f  t h e  l a t t i c e  i s  d e f o r m e d  t h e  a r e  c h a n g e d  b y
a n d  i n  t h e  same way ^  by  ô A . Hence
u x .x ' i . r«")]
.  z  s v f f  .  z i r s » ; .  3 " -  a . )
T r a n s f o r m  t o  r e c t a n g u l a r  c o o r d i n a t e s  a n d  d e f i n e
% ' -C ^  - Z a;
=  Z  i f  - -  Z  a “
0 t h a t  e s [ a ^ ^ 4 ) -  x‘^ Uo)j c o r r e s p o n d s  t o  -  eocC^o).
, . ( 2 . 2 7 )
B
Then
SCt .t O .  4- | C ^  x= 4^. . . . ( 2 . 2 8 )
w h e r e  f o r  s h o r t n e s s   ^ e^(.4 ) -  <^Lkà) ^
a n d  =: i f  t h e s e  two p o i n t s  c o i n c i d e
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t h e  c h a n g e  i n  t h e  s q u a r e  o f  t h e  d i s t a n c e  4 i s  o b t a i n e d s -
SL&4 ■». Z  + a. Z  t *  ac** . . . ( 2 . 2 9 )
d/i / ot
T h i s  shows t h a t  t h e  q u a n t i t i e s  a n d  ^^Lk)  d e t e r m i n e
t h e  c h a n g e  i n  t h e  r e l a t i v e  p o s i t i o n s  o f  t h e  l a t t i c e  p o i n t s , 
O n ly  ( A I ) o f  t h e  m a t t e r  s i n c e  o n l y  t h e  d i f f e r e n c e s
-  ^C4o) a p p e a r .  T h e r e f o r e  i t  c a n  be  a s s u m e d  t h a t
a r e  t h e  e x t e r n a l  s t r a i n  c o m p o n e n ts  j 
, 4s 1,1 .. C a m i n t e r n a l  s t r a i n  com ponen ts^
€^Co'i » 0 . • • . ( 2 * 3 0 )
The same q u a n t i t i e s  c a n  b e  d e f i n e d  i n  a n o t h e r  w ay .  The
l a t t i c e  may b e  s u b j e c t  t o  a g e n e r a l  l i n e a r  d e f o r m a t i o n  by  
w h i c h  t h e  b a s e  p o i n t s  s u f f e r  a r b i t r a r y  s m a l l  d i s p l a c e m e n t s  
p r o p o r t i o n a l  t o  t h e i r  o r i g i n a l  c o o r d i n a t e s .
^  z  . . . ( 2 . 3 1 )
The r e l a t i v e  d i s p l a c e m e n t s  w i t h  r e s p e c t  to  th e  b a s e  
p o i n t  (  a r e  ^  . . . ( 2 . 3 2 )
w h e r e  ju^  *« Ji x^i k) j ui ^^Lko)  and  •
Then  t h e  c h a n g e  i n  t h e  s q u a r e  o f  t h e  d i s t a n c e  b e t w e e n  t h e  
p o i n t s  (%,) a n d  ( t )  i s
-  z  L -  ( o c - ( i i , o ) r ]
= a  I  lijka) JU.'  ^ ( A J
I f  ( 2 . 3 2 ) i s  s u b s t i t u t e d  i n  t h i s  e q u a t i o n
S U ’-) - a Z  + Z
-  a - Z  + wj® ) ÎC* jcAî . . . ( 2 . 3 3 )0*- dyd A*
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C o m p a r in g  t h i s  w i t h  e q u a t i o n  ( 2 . 2 9 )
ilo ) “  jU*’LAi) —
C h o o s i n g  %. o
On t h e  o t h e r  h a n d  t h e  skew q u a n t i t i e s
. . . ( 2 . 3 4 )
to. -  X I . O  = -  2 % * . . . ( 2 . 3 5 )'d/J '  J - ^
r e p r e s e n t  an  i n f i n i t e s i m a l  r o t a t i o n  o f  t h e  l a t t i c e  a s  a  w h o le
Co ( 2 . 3 6 )
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3 .  LATTICE INVARIANTS a n d  COVARIANTS.
F rom t h e  d y n a m i c a l  s t a n d p o i n t  a  s y s t e m  o f  N i d e n t i c a l  
g r o u p s  o f  nrv n u c l e i  w i t h  t h e i r  e l e c t r o n i c  c l o u d  i s  a  l a t t i c e  
i f  t h e  e q u a t i o n s  ( 1 . 2 4 )  a r e  s a t i s f i e d ,  b y  s u b s t i t u t i n g  t h e  
c o o r d i n a t e s  of  hi l a t t i c e  p o i n t s  ( 2 . 2 1 ) f o r  t h e  n u c l e a r  
c o o r d i n a t e s .  As t h e  l a t t i c e  i s  i n f i n i t e  by  d e f i n i t i o n  i t  
c a n n o t  b e  an  e x a c t  s o l u t i o n  o f  t h e  e q u a t i o n s  ( 1 . 2 4 ) ;  b u t  i f  
i s  l a r g e  i t  c a n  be a s s u m e d  t h a t  t h e  i n t e r i o r  o f  t h e  
s y s t e m  i s  r e p r e s e n t e d  by  t h e  l a t t i c e  a r r a n g e m e n t  w i t h  a  h i g h  
d e g r e e  o f  a c c u r a c y  w h i l e  o n l y  on t h e  s u r f a c e  s l i g h t  d e v i a t i o n s  
f r o m  t h e  e x a c t  p e r i o d i c i t y  o c c u r  d e p e n d i n g  on t h e  b o u n d a r y  
c o n d i t i o n s .  I n  o r d e r  t o  g e t  r i d  o f  t h i s  c o m p l i c a t i o n ,  w h i c h  
i s  o b v i o u s l y  o f  l i t t l e  i m p o r t a n c e  f o r  a l l  p h y s i c a l  p r o p e r t i e s  
o f  c r y s t a l  m a t t e r  e x c e p t  s p e c i f i c  s u r f a c e  e f f e c t s ,  t h e  r e a l  
b o u n d a r y  c o n d i t i o n s  c a n  be  r e p l a c e d  by  s i m p l e r  o n e s  o r  
o m i t t e d  a l t o g e t h e r .  The l a t t e r  i s  o n l y  p o s s i b l e  i n  s p e c i a l  
c a s e s  w h e r e  t h e  i n f i n i t e  l a t t i c e  l e a d s  t o  c o n v e r g e n t  
e x p r e s s i o n s  f o r  t h e  p r o p e r t i e s  c o n s i d e r e d .  I n  o t h e r  c a s e s  
t h e  c y c l i c  b o u n d a r y  c o n d i t i o n s  c a n  be  u s e d .  I n  t h i s  c a s e  
t h e  l a t t i c e  i s  a l s o  e x t e n d e d  t o  i n f i n i t y  b u t  p e r i o d i c  w i t h  
l a r g e  p e r i o d  r e p r e s e n t e d  b y  a  l a r g e  s u p e r - c e l l  s i m i l a r  t o  t h e  
b a s e  c e l l ,  a, ? 9v , , L t i m e s  e n l a r g e d  whe re  i s  t h e
number  o f  c e l l s  i n  t h e  r e a l  ( f i n i t e  l a t t i c e ) .  E a c h  f u n c t i o n  
o f  r e p r e s e n t i n g  a  p r o p e r t y  o f  t h e  l a t t i c e  w h e t h e r  i n
e q u i l i b r i u m  o r  n o t  s a t i s f i e s  t h e  c o n d i t i o n  
^  L j A j L )  % (-^1 j ^ 3)
i . e .  ^  (4 4. n O  .  . . . ( 3 . 1 )
- 1 7 -
E a c h  p r o p e r t y  o f  t h e  c r y s t a l  i n  e q u i l i b r i u m  i s  p e r i o d i c  
w i t h  r e s p e c t  t o  t h e  o r i g i n a l  c e l l .  Suc h  p r o p e r t i e s  
d e p e n d  i n  g e n e r a l  on t h e  c o o r d i n a t e s  o f  s e v e r a l  l a t t i c e  
p o i n t s  . s i m u l t a n e o u s l y ;  i f  t h e s e  a r e  c h a r a c t e r i s e d  by
, i ^ )  j 1^ 1 a n d  ^  f o r  ^  a s  a b o v e
... 1 . 4"' . . . .  ) . , . ( 3 . 2 )
T h i s  e x p r e s s e s  t h e  i n v a r i a n c e  o f  t h e  c r y s t a l  p r o p e r t i e s  
w i t h  r e s p e c t  t o  t h e  i n f i n i t e  g r o u p  o f  l a t t i c e  t r a n s l a t i o n s .
I f ,  i n  p a r t i c u l a r ,  |o  d e p e n d s  o n l y  on one l a t t i c e  p o i n t ,  t h e
f o l l o w i n g  e q u a t i o n  i s  o b t a i n e d  b y  c h o o s i n g
n%= l - r " )  i n  ( 3 . 2 )
* +.143) • • • ( 3 - 3 )
s u c h  a  f u n c t i o n  i s  g i v e n  by  i t s  v a l u e  i n  t h e  z e r o  c e l l .
I f  d e p e n d s  on two p o i n t s ,  w i t h  t h e  same c h o i c e  o f  nn,
= +.(o , t r - r ) )  . . . ( 3 . 4 )
o r  o m i t t i n g  t h e  a r g u m e n t  o
» f , ( r _ . . . ( 3 . 5 )
The same h o l d s  f o r  a n y  number  o f  p o i n t s .
C o m b i n i n g  t h i s  r e s u l t  w i t h  t h e  d e f i n i t i o n  o f  t h e  s u p e r - 
l a t t i c e  t h e  l a t t i c e  sums can  b e  i n t e r p r e t e d  i n  t h e  f o l l o w i n g  
way .  Fo r  s i m p l e  sums ,  i n  v i r t u e  o f  ( 3*3)
2  X t i )  '  w + ( 0) . . . ( 3 . 6 )
an d  f o r  d o u b l e  sums
\o  Ua Z  O  “  ^ Z  • • • ( 3 *7 )
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w h e re  N i s  t h e  num ber  o f  c e l l s  o f  t h e  r e a l  l a t t i c e  and  t h e  
l a s t  sum c a n  b e  e x t e n d e d  o v e r  t h e  i n f i n i t e  l a t t i c e  p r o v i d e d  
i t  c o n v e r g e s »
A l l  p r o p e r t i e s  o f  t h e  c r y s t a l  s u b s t a n c e  m u s t  be  
i n d e p e n d e n t  o f  t h e  g ro u p  o f  r i g i d  m o t i o n s  s i n c e  t h e  i n t e r n a l  
c o n d i t i o n s  a r e  n o t  a l t e r e d  by  t h i s  t y p e  of  m o t i o n .
C o n s i d e r  a  s c a l a r  5  a n d  e x p a n d  i t  i n  t h e  n e i g h b o u r h o o d  
o f  th e .  e q u i l i b r i u m  p o s i t i o n  i n t o  a power  s e r i e s  o f  t h e  d i s ­
p l a c e m e n t s  :»^(^i)of t h e  n u c l e i ,  c o m p o n e n ts  ^  , U -
$  T 4T r \ . . .  . . . ( 3 . 8 )
w h e r e  $  i s  t h e  v a l u e  o f  1  i n  t h e  e q u i l i b r i u m  p o s i t i o n ,
r  .  Z  Z  . . . ( 3 . 9 )
r ’ - 2 1 5 , ,  1 % : ) x ^ i i )
e t c . 
w h e re
5 4 1 ) •  L M a ) l
r  ^^ 1 • • • ( 3 * 1 2 )
The i n d e x  o r e f e r s  to  t h e  v a l u e  i n  t h e  e q u i l i b r i u m  
p o s i t i o n #  Hence  a c c o r d i n g  t o  ( 3 . 3 )
'  i : . U )  . . . ( 3 . 1 3 )
a n d  t o  ( 3»4)
. . . ( 3 . 1 4 )
e t c .
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T h e r e  i s  a l s o  t h e  f o l l o w i n g  sym m etry  c o n d i t i o n ; -
t h ’)  = 3&YI • • • ( 3 . 1 5 )
F u r t h e r  i d e n t i t i e s  h o l d  i n  c o n s e q u e n c e  o f  t h e  f a c t  t h a t  
i s  i n v a r i a n t  f o r  r i g i d  m o t i o n s .  To f i n d  t h e s e  i s
r e p l a c e d  b y  t h e  e x p r e s s i o n  f o r  a n  i n f i n i t e s i m a l  r i g i d  m o t i o n
JUV li" ) ' . . . ( 3 . 1 6 )
w h e re  i s  t h e  com ponent  o f  a  t r a n s l a t i o n  and  t h a t  o f  a
r o t a t i o n .  The c o n d i t i o n s  t h a t  t l )  + i s  i n d e p e n d ­
e n t  o f  a r e
_ "3 È ^  * ' * ( 3 . 17 )— — a 0  — a o
è ' c^k ^
w h ic h  a r e  e x p l i c i t l y
I  Ü .IU  '  ° " 5  . . . (3 .18)
-  -.(i) »%({.,] F_. .
T h e s e  h o l d  f o r  a n y  a r g u m e n t s  o f  4  , and  t h e r e f o r e
t h e y  c a n  be  d i f f e r e n t i a t e d  w i t h  r e s p e c t  t o  CjtîO  ^ g i v i n g
f i n a l l y
1  [=SiU) &it^) -  '  0 . . . ( 3 . 2 0 )
A. ^
1  U h - )  ■- °  . . . ( 3 . 2 1 )
t'ii*
Z ••.(3.22)
E q u a t i o n  ( 3 . 2 2 )  i s  a l s o  t r u e  i f  ) i s  r e p l a c e d  by
- 2 0 -
Hence  e q u a t i o n  (3*22 )  c an  b e  w r i t t e n  i n  t h e  fo rm s
î,/>  ( . . v )  * » U ) . . . ( 3 . 2 3 )
z,  • z  î . K i ‘ , i ' , )  > i * ; o
The m o s t  i m p o r t a n t  c a s e  o f  a s c a l a r  i s  t h e  p o t e n t i a l  
e n e r g y  o f  t h e  n u c l e i ,  w h ic h  i s ,  f r o m  t h e  s t a n d p o i n t  o f  
q u a n tu m  m e c h a n i c s ,  t h e  l o w e s t  e i g e n - v a l u e  o f  t h e  t o t a l  
e n e r g y  o f  a l l  t h e  e l e c t r o n s  f o r  f i x e d  n u c l e i .
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4 .  HOMOGENEOUS DEFORMATIONS, STRAIH and  EKSR(JÏ ,
The l a w s  o f  m o t i o n  o f  a  s y s t e m  o f  a to m s  c o n s i s t i n g  o f  a  
num ber  o f  n u c l e i  s u r r o u n d e d  by  a  c l o u d  o f  e l e c t r o n s  w ere  
d i s c u s s e d  a n d  t h e  f o rm  w h i c h  t h e s e  t a k e  f o r  c r y s t a l s  was a l s o  
d e t e r m i n e d .
F o r  a n  i n f i n i t e  l a t t i c e  t h e  e q u i l i b r i u m  c o n d i t i o n
r e d u c e s  b y  (3 . 13 ) t o
 ^ O . . . ( 4 . 2 )
an d  a s  b y  ( 3 . I 8 ) ,  t h e  i d e n t i t y
Z - o
A
h o l d s ,  ( 4 . 2 )  a r e  o n l y i n d e p e n d e n t  e q u a t i o n s  w h ic h  do 
n o t  s u f f i c e  t o  d e t e r m i n e  t h e  c e l l  ( b q u a n t i t i e s  
and  t h e  b a s e  ( & In-.)  q u a n t i t i e s  A* 143 pi : 1, 1,3 ; m-o),
T h e r e f o r e  t h e  t o t a l  e n e r g y  i s  f o r m e d  f o r  an  a r b i t r a r y  
c e l l  and  b a s e  o f  a s t r i c t l y  p e r i o d i c  l a t t i c e .  T h i s  i s  a  
f u n c t i o n  o f  t h e  b v a r i a b l e s  ^
?  - AjW . • . . jAaOn-o) . . . ( 4 . 4 )
T h i s  f u n c t i o n  i s  e x p a n d e d  i n  a  power  s e r i e s  o f  t h e  
i n c r e m e n t s  5q' « 5
Î  Î  i . . . ( 4 . 5 )
where
. # . ( 4 . 6 )
*/3
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The e q u i l i b r i u m  c o n d i t i o n s  a r e
I f . / ,  " °  °
t h e i r  num ber  i s  e q u a l  to  t h a t  o f  t h e  unknown d a t a  o f  t h e  c e l l  
and  b a s e .
The c o e f f i c i e n t s  o f  5Ta ? t h e  e n e r g y  o f  d e f o r m a t i o n ,  c a n  
be  e x p r e s s e d  a s  l a t t i c e  sums o v e r  t e r m s  p r o p o r t i o n a l  t o  t h e  
q u a n t i t i e s  ^  C i i i ' )  d e f i n e d  by  ( 3 . 1 2 )  and  ( 3 . 1 4 ) .  One 
m e th o d  o f  d o i n g  t h i s  i s  t o  i n t r o d u c e  t h e  e x p r e s s i o n  f o r  a  
hom ogeneous  d e f o r m a t i o n ; -
^Ai) = ^ . . . (4.8)
i n t o  t h e  e x p a n s i o n  o f  t h e  p o t e n t i a l  e n e r g y  ( 3 *9 ) and  ( 3 , 10 ) .  
T h e s e  c a n  be  w r i t t e n  
- Î.1, + l i e
. . . (4.9)
la. - lii. + lam + 1a.e
. . . ( 4 . 1 0 )
( i. m eans  i n t e r n a l ,  e- e x t e r n a l ,  orw m ix e d )  w h e re
111 ^ z  Z  l . l i )
AJL ot
lie - L I  î-. l i ') l i )
? . .  = '/xZ  I  z : I V i ')
= Z  Z  Z  ^ . . . ( 4 . 1 1 )
-tet cup h I
l ie  - Z. Z  Z1  ^AhJ =^ 41q)
U  Ji'i' -/X K
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T h e s e  sums c a n  be s i m p l i f i e d  by t h e  su m m at io n  r u l e s  
( 3 * 6 )  and  ( 3 . 7 ) an d  t h e  r e s u l t s  e x p r e s s e d  i n  ( 3 . 1 $ 1 ,  (3 ° 18 )?
( 3 . 21 ) ,  ( 3 . 22 ) ,  (3 . 2 0 ) .
A f t e r  some c a l c u l a t i o n  t h e y  can  be  e x p r e s s e d  i n  t h e
f o l l o w i n g  f o r m s -
-  Nw I I  l i ]
^ . . . ( 4 . 1 2 )
l , e  =  N u r  I  l * / s )
“■/8 ,
w h e re  i s  t h e  vo lum e ( 2 . 1 ) and
I * ]  -- t r
^  Z  ■=<73 U )
By ( 3 . 1 8 ) and  ( 3 . 1 9 )
'  " - f l Z  I  % ' ]'*• 10 iilk» '
w h e re
and  t h i s  sym bol  i s  s y m m e t r i c a l  i n  ^
. . . ( 4 . 1 3 )
Lu/,]  ^ ocl - Z[ t ]  - ° . . . ( 4 . 1 4 )
U s i n g  ( 3 - 7 )
. . . ( 4 . 1 5 )
\ys4iK'
W i th
l î ‘ l  -  i Z  E „ U v )  . , , ( 4 . 1 6 )
a n d  by ( 3 »15 ) and  (3 »21 )
[ u  t ]  z  L t  %'j = °  . . . ( 4 . 1 7 )
A l s o
 ^ Nir z  Z  . . . ( 4 . 1 8 )
"R 0
1 ]  - ■ V U j!') . . . ( 4 . 1 9 )
M'X
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[ A f i A -  - 0  . . . ( 4 . 2 0 )
F i n a l l y
*$:Le. ~  Z  QiXj ^  ^  H- . 0 . ( 4 . 21 )
^  "fXK
w h e re
L X./Slo-i = i- U v) ^  U v) ®M-(iil') -  lnysilx,') Clfc')
- î . 4 t < )  . / w • • • ' * • “ ’
L-V)/!^9) Lx.[, /@ p.] %. L«.x, ^t/1 ^ 1/9M-j w-x] . ' . ( 4 . 2 3 )
As a l l  t h e  t e r m s  i n  5" a r e  p r o p o r t i o n a l  t o  t h e  t o t a l  
vo lu m e  IT t h e  e n e r g y  d e n s i t y  U i s  i n t r o d u c e d
U - ^  eVUj-*-U^-v.................  . . . ( 4 . 2 4 )
w h e re
0, * Z Z t i ]  ^  '«•«/s  ^ o
. . . ( 4 . 2 5 )
Ux -  i l Z L ^ i i ^ l b V  «/»>') + ^  Z u ; , l
I .  7  [  P (  / ? l x l  e , V
x',    <T ^  Î ^
The sym m etry  r e l a t i o n s  ( 4 . 1 7 ) ,  ( 4 . 2 o ) ,  ( 4 . 2 3 )  s u g g e s t  a n o t h e r  
n o t a t i o n  n a m e ly  t h a t  o f  V o i g t .  The p a i r s  o f  i n d i c e s  
a r e  r e p l a c e d  by  a  s i n g l e  i n d e x  ^  a c c o r d i n g  t o  t h e  c o r r e s ­
p o n d e n c e s  -
ol/Q . M %% 33 %3 IV Vi. 1
^ ( . . . ( 4 . 2 6 )
t V "H 3 U r
f o r t h e s t r a i n c o m p o n e n ts  th e n o t a t i o n
k «•31
•ÎLaCa. ÎLOC3 = 1*
an d f o r th e  b r a c k e t  sy m b o ls
. . . ( 4 . 27 )
k  The sy m b o ls  &) f o r  t h e  s t r a i n  c o m p o n e n ts  s h o u l d  n o t ,
o f  c o u r s e ,  be  c o n f u s e d  w i t h  t h e  c o - o r d i n a t e s  ( y - ' j  3),
- 25-
t u  /S 1 L u x , / 1*-!! u ,/, X |ts >4
•^t /  . " 3  J f i j O "  : i ,a ..  4
. . .  ( 4 . 2 8 )
T hen
*  î  '* > '* ' *  Ç  W “ .  -  o
wu/3 " "  r  -h U/O
The o n l y  r e l a t i o n s  l e f t  a r e
. . . ( 4 . 2 9 )
Lt J'] [4 iJ 1
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5 .  HOMOGENEOUS DEFORMATION and STRESS,
A l t h o u g h  t h e  s t r a i n  i s  m a c r o s c o p i c  o b s e r v a b l e ,  i t  i s  i n  
g e n e r a l  n o t  g i v e n  d i r e c t l y .  The m a c r o s c o p i c  m e c h a n i c a l  
s u r f a c e  f o r c e s  a r e  u s u a l l y  g i v e n .  The s u r f a c e  f o r c e s  c a n  be  
r e p r e s e n t e d  by  th e  s t r e s s  t e n s o r  ^  Kp ‘A -  0  5 i t  i s  
d e f i n e d  w i t h  t h e  h e lp  o f  th e  w ork  p e r  u n i t  vo lum e  done  b y  t h e  
s t r a i n  a g a i n s t  t h e  s t r e s s ;
VJ = Z  . (5*1)
T h e r e f o r e  t h e  t o t a l  e n e r g y  d e n s i t y  o f  the  c r y s t a l  u n d e r  s t r e s s  
i s
Z  O' ]  Z  Z  L
po- ' A /
+ VxZ_ 1 Lu / Ç  . . . ( 5 « 2 )
The c o n d i t i o n s  o f  a  minimum a r e
. . . ( 5 . 3 )
z  r  U* “
As t h e  i n t e r n a l  s t r a i n  i s  n o t  d i r e c t l y  o b s e r v a b l e  i t  
m u s t  be  e l i m i n a t e d .  L e t  t h e  s o l u t i o n  of  t h e  e q u a t i o n s
Z  •  l . l k '
h a v e  th e  fo rm
.^ .(M .  Z  I  4 ■••(5 .5 )
w h e re  t h e  a d d i t i v e  c o n s t a n t s  'B ^ a r e  due  t h e  f a c t  t h a t  t h e  
d e t e r m i n a n t  v a n i s h e s .
O b v i o u s l y
I V I  • I Î '* -?
k  A g a i n  t h e r e  s h o u l d  be  no c o n f u s i o n  o f  t h e  Yp w i t h  t h e  c o ­
o r d i n a t e s  X i n t r o d u c e d  i n  s e c t i o n  1 .
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Taking
* -  Z  I  p /^= ^ I
e q u a t i o n  ( 5 «5 ) becom es
V > «  • -
S u b s t i t u t i n g  i n  t h e  f i r s t  e q u a t i o n  (5*3)
z  z
4Ü)' ovy(2<rZ ir 4 -  z  z ,
Z  ^po- ^or -Q- ~
. . . ( 5 . 8 )
w h e re
c ., .  I / . - : -  Z  Z A l l * * ' ]  1/ 4 ]
okp r  f
E q u a t i o n  (5*8)  r e p r e s e n t s  H o o k e ’ s Lav/ o f  E l a s t i c i t y ,  t h e  /^o<r 
a r e  V o i g t ’ s e l a s t i c  c o n s t a n t s ,  s a t i s f y i n g
^yotr “ (^Tyo . . . ( $ . 1 0 )
- 2 8 -
6 . CENTRAL FORCES.
I t  i s  s u p p o s e d  t h a t  t h e  p o t e n t i a l  e n e r g y  î*  c a n  be made 
up  o f  c o n t r i b u t i o n s  f ro m  p a i r s  o f  n u c l e i .  As t h e  n u c l e u s  i s  
p r a c t i c a l l y  a  p o i n t ,  e a c h  c o n t r i b u t i o n  d e p e n d s  o n l y  on t h e  
d i s t a n c e  b e tw e e n  t h e  tv/o n u c l e i  i n v o l v e d  a n d  t h e  t y p e  of  
t h e s e ;  t h e  p o t e n t i a l  e n e r g y  can  t h e r e f o r e  b e  i v r i t t e n  a s  
W  o Then f o r  a  hom ogeneous  d e f o r m a t i o n
f  - - I N  l '  Z ,  + . . . ( 6 . 1 )
w h e re  a r e  t h e  d i s t a n c e s  i n  t h e  u n d i s t u r b e d  l a t t i c e
a n d  SlW  i s  d e f i n e d  by  ( 2 , 2 9 ) and  i s  t h e  c h a n g e  i n
f o r  a  s m a l l  d e f o r m a t i o n .  2l' i s  u s e d  t o  d e n o t e  
t h a t  t h e  t e r m  i n  -4*4% l ^ o  i s  o m i t t e d  f r o m  t h e  su m m a t io n .  
D e f i n e  t h e  o p e r a t o r  * 4-
an d  w r i t e  D  f  I I w  )
e t c  o
t h e n  e x p a n d i n g  J  w i t h  r e s p e c t  t o  y® C ijiO
'1 ‘ - lEo ^ .....
w here
f  I «= VxN I  Z, 1* f  C h')/“ (.lb') 1
4b I . . . ( 6 . 2 )
I ,  4M %' Z,  D 'f I D / 11 4.0 )
The f o l l o w i n g  r e l a t i o n s  e x i s t  b e tw e e n  t h e  c o e f f i c i e n t s ,  . . :
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S u b s t i t u t i n g  t h e  e x p r e s s i o n  f o r  yo f r o m  ( 2 . 2 9 )
( 6 . 4 )
w here
a A v )  ^ Z '  Z  I W  x ' ‘ ( L ) = < ' U v )-4- JtA'
( i )  .  N r  Z Dcf ( L O - H i v )  . . . ( 6 . 5 )
= e^ik) -  e^U ').
and
- 1  z  +  Z  z  J
v r  * ”</*«
• z z  ( V )  ..(*■>v ‘*'>
T Z n  .  , » z ' z , . 7 ( i , . ) . H h )  . 4 i )  . . • t U . )
^ Jail.
( 6 . 6 )
. ( 6 . 7 )
{ . * / , , , )  ■ i "  z ' f ’ ■ ' f i w
T h e s e  sy m b o ls  a r e  p r o p o r t i o n a l  to t h o s e  i n t r o d u c e d  i n  s e c t i o n
4 when th e  e x p r e s s i o n  f o r  t h e  p o t e n t i a l  e n e r g y  ( 4 . 5 )  i s  u s e d .
T h e r e f o r e  t h e y  s a t i s f y  t h e  same s y m m e t r i c a l  r e l a t i o n s .
I n  a d d i t i o n  t h e r e  a r e  " s e v e r a l  more r e l a t i o n s .  F o r
i n s t a n c e ,  t h e  comma i n  t h e  b r a c k e t  sy m b o ls  c a n  b e  o m i t t e d  a s
i n  t h i s  s p e c i a l  c a s e  t h e y  a r e  s y m m e t r i c a l  i n  a l l  i n d i c e s .  I f
Coi/3 i s  w r i t t e n  a s  Co<yo) and  tocX , ^  (yo<r) %  u s i n g  t h e
n o t a t i o n  i n t r o d u c e d  i n  ( 4 . 2 6 )  w i t h  yo dr % », 9. . . t t h e
«
f o l l o w i n g  r e l a t i o n s  a l s o  e x i s t
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3) Lu u) C3\) - Lr S')
L\ . Lr  b) L'3.5"') I b u )
1 ^ A / 4 \ { ^  ]
I * , U i  ‘ J " I  s - j
1 * \ / 4  \ -  ( * 1I  1 , 3 ,
1 ^  \ / *  ] / A
\  Ï ,  f  j V3i  6
l i t ]  ,»
U O  -  C u r )  J . . . ( 6 . 8 )
l , \ )  = U f t )
i i ! - )  ■' (  \ t ) . . . ( 6 . 9 )
T h ey  im p ly  r e l a t i o n s  b e tv /e e n  t h e  e l a s t i c  c o n s t a n t s  9 0^- , 
p r o v i d e d  t h a t  t h e  sums on th e  r i g h t - h a n d  s i d e  o f  ( 5 «9 ) v a n i s h  
T h i s  i s  t h e  c a s e  f o r  t h e  s i m p l e  B r a v a i s  l a t t i c e  (one  n u c l e u s  
i n  t h e  b a s e )  and  f o r  compound l a t t i c e s  w h e re  e a c h  n u c l e u s  i s  
a  c e n t r e  o f  sy m m et ry ;  f o r  t h e s e
= 0 . . . ( 6 . 1 0 )
T hen  = [/> , h e n c e  e q u a t i o n s  o f  t h e  t y p e  ( 6 . 8 ) h o l d
f o r  9 (T .
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7 .  STRAIN ENERGY FUNCTION.
I f  ^  i s  t h e  s t r a i n  e n e r g y  f u n c t i o n ,  g i v e n  by  ( $ . 1 ) ,  t h e n
&^X^ 4- 4- Xy 4" «b X b . . . ( 7 * l )
-  X t .  %x
w h e re  -e^  % 3.x. L i s ' , t  . .  b)
a n d  % and.
•V
X a r e  t h e  t r a n s p o s e s  o f «- a n d  X r e s p e c t i v e l y
and
e  = lev e .^
X » Lx» ^a. Xa XL* Xr X«,^
E q u a t i o n s  (5 . 8 )  can  be w r i t t e n  i n  t h e  f o r m
A =- C e . . . ( 7 . 2 )
w h e re
c  = Ch C,3 CvM Cvc Cv4
Cxx Cxî Cxu Cxf Cib
3^% C^T. C33 Cjf Cat
Cu< Cm, Cu3 Cull Ccf Cuw
Cri CM. Cru Cjr Crb
Cv,» Cb% C|,3 C^M CbîT Ctb
S u b s t i t u t i n g f o r  X f r o m  ( 7 . 2 )  i n  ( 7 . I '
= % Ce . . .  ( 7 • 4 )
C o n s i d e r  t h e r e c t a n g u l a r  s y s t e m  o f  a x e s  i n  w h ic n  a  p o i n t  o f
s p a c e  h a s  t h e  c o o r d i n a t e s  . L e t  t h e  t r a n s f o r m a -
t i o n  T "  a c t  on t h e s e  a x e s  so t h a t  t h e y t a k e  up a  new p o s i t i o n ,
and  i n  t h e  t r a n s f o r m e d  s y s t e m  l e t  t h e  p o i n t  h av e  th e
c o o r d i n a t e s . Then r e l a t i o n s  w i l l  h o l d  o f  t h e
f o r m
^ok - Z  3:* . . . ( 7 . 5 )
A
The c o e f f i c i e n t s  d e p e n d  on t h e  p a r t i c u l a r  t r a n s f o r m a t i o n
c h o s e n .
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I f  t h e  sym bol  T" s t a n d s  f o r  t h e  m a t r i x  f o r m e d  f r o m  th e  
q u a n t i t i e s  t h e n  t h e  e q u a t i o n  (7 « 5 )  can  be  w r i t t e n
. - - ( y - e )
Then  i f  e '  , e t c , ,  a r e  t h e  c o m p o n e n ts  o f  s t r a i n  r e f e r r e d
t o  t h e  s e c o n d  s e t  o f  a x e s ,
V / 'X T ,i T,^
T,aT,3 T »T „ T„
w 1
ei Ta, T i < Taa Tal
T « T „
< T,3 TjaU^s UjT),
"Tj, T33,
eL STifTja Ta.T33 +T3~31
+Tj3T^, Cy
a-Tj,T„ 1-T3o.T ,\ aT„-r.3 3^0,^ 13 TiiTjs
TsjT,, + T 3731 Cf
.< _3T„Ta, aT,,T«
TvjTu + TijT,, Cb
i . € . e ' = Jt e . . . ( 7 . 7 )
T h e r e f o r e  t o  f i n d  t h e  c o n d i t i o n s  w h i c h  m u s t  be  s a t i s f i e d  by  
t h e  i f  t h e  f u n c t i o n  vJ i s  t o  b e  u n a l t e r e d  b y  t h e
t r a n s f o r m a t i o n  (7 * 7 )  
i . e .  \nj' = C.
,  t t  e.
z.
* t  C e.
I C J t  = e  . . . ( 7 . 8 )
i s  t h e  e q u a t i o n  w h ic h  m u s t  b e  s a t i s f i e d  by  t h e  cA .
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8. TEAHS FORMATIONS
R e f l e x i o n i n t h e p l a n e 3^ = 0 n- = "-1 0 o '
0 1 0 . . . ( 8 . 1 )
0 0 1
R e f l e x i o n i n th e p l a n e o T% 1 0 o ”
0 -1 0 . . . ( 8 . 2 )
0 0 1
R e f l e x i o n i n t h e p l a n e ^3 "'O - r 1 0 o '
0 1 0 • . . ( 8 * 3 )
0 0 - 1
R e f l e x i o n i n t h e p l a n e -T = “ 0 1 o "
1 0 0 . . . ( 8 . 4 )
0 0 1
R e f l e x i o n i n th e p l a n e T  = 1 0 0 ■
0 0 1 . . . ( 8 . 5 )
0 1 0
R e f l e x i o n i n th e p l a n e ^3* T  = '  0 0 1*
0 1 0 . . . ( 8 . 6 )
1 0 0
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R e f l e x i o n  i n t h e p l a n e Xv= * 2t3 0 1 0
0 0 1 . . . ( 8 . 7 )
1 0 0 _
R o t a t i o n  o f a b o u t XvT S- o T r ^-1 0 0 '
0 -1 0 . . . ( 8 . 8 )
0 0 1
R o t a t i o n  o f nr a b o u t » O - r  = 1 0 0
0 -1 0 • • ♦ ( 8 . 9 )
0 0 -■1
R o t a t i o n  o f IT a b o u t OC3 r O T  - ’-1 0 0
0 1 0 • • • ( 8 . 1 0 )
0 0 -•1
R o t a t i o n  o f a b o u t r aCi S 0 T  - 0X 0
- 1 a. 0 . . . ( 8 . 11 )
0 0 1
R o t a t i o n  o f IT a b o u t 0 T  ^ ‘ 0 1 0
1
-1 0 0 . , . ( 8 . 12 )
0 0 1
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R o t a t i o n  o f  il
X
a b o u t  ,  o » = " 0 .1 0
a n d  a  r e f l e x i o n i n  t h e  p l a n e -1 0 0 . . . ( 8 . 13 )
% o _ 0 0 -1




0 . . . ( 8 . 1 4 )
o O l •




t o g e t h e r  w i t h  a n  i n v e r s i o n  
a b o u t  lO) 0, o)
q - iA. 0
. . . ( 8 . 15 )
0 0 - 1
R o t a t i o n  o f  Tt/^ a b o u t  0 T  % n
%
o
t o g e t h e r  w i t h  a r e f l e x i o n I:L o
. . . ( 8 . 1 6 )
i n  t h e  p l a n e ^3 - ° 0 o -1
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9 .  RELATIONS EXISTING b e tw e e n  t h e  ELASTIC CONSTANTS
















1 0 o  o
o —» o o
o  O —I ®
0 O O I
4 C h  r Cu C»J - c vu - C,r C.b
Cu Cxi. Cxi -Cxu —Cif Cit
t i l C3. ^33 “C3u -Cjr <36
-Cm -  Cut -Cm Cuu Cur -Cut
-Crt - Cfi C ru Crr — Cr6
CfcV Ct 3 - Cou -U r Cb6—f
T h e r e f o r e  i f 1  c  Jt * c
C\M - Cvç * r Cxc " Clk * Cjy ^ = Cf
By f i n d i n g  t h e v a l u e of  ÎC . -tr f o r th e
. . ( 9 . 2 )
. . ( 9 . 3 )
r e l a t i o n s  b e tw e e n  can  be  f o u n d .  The r e s u l t s  a r e  g i v e n  i n  
T a b l e  I .
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TABLE





- Cxx Cug » C.gc C,3 s Cx3 
c»g - - Cm - Cfb -  C-.r - ‘ 
Cub “ "L L Cg —' Civ)
(8.14) C»v» C»b
Cm Cxr Cib
Cîu Cir Cjb 
Cwr Crb
Cu s. Cxx Cgg ~ Crf




C ,r Cxr Uf 
Cuw Crb
C\| — Cxx C,gg "3 Cyr 
C\3 -  Cvu 3 -  Caj,
(8 .3)
(8.8)







C ur Cg 6
(8.2)
(8.10)










CLASSIFICATION o f  CRYSTALSo
Any g e o m e t r i c a l  f i g u r e  w h ic h  c a n  b e  b r o u g h t  i n t o  
c o i n c i d e n c e  w i t h  i t s e l f  by  an  o p e r a t i o n  w h ic h  c h a n g e s  t h e  
p o s i t i o n  o f  a n y  o f  i t s  p o i n t s  i s  s a i d  to  p o s s e s s  sy m m etry .  
The o p e r a t i o n s  i n  q u e s t i o n  a r e  known a s  c o v e r i n g  o p e r a t i o n s .  
The i d e n t i c a l  o p e r a t i o n  i s  i n c l u d e d .
T h e r e  a r e  ] 2  g r o u p s  o f  c o v e r i n g  o p e r a t i o n s  w h i c h  o bey  
t h e  l a w s  o f  c r y s t a l  sym m etry .  W i th  e a c h  g r o u p  t h e r e  
c o r r e s p o n d s  a c l a s s  o f  c r y s t a l s .  T h e s e  32 g r o u p s  c a n  be  
c l a s s i f i e d  a s  f o l l o w s : -
(1 )  T h i s  g r o u p  c o n s i s t s  o f  t h e  i d e n t i c a l  o p e r a t i o n  o n l y  - 
a s y m m e t r i c  .
(2 )  T h i s  g r o u p  p o s s e s s  a  c e n t r e  o f  sym m etry  a t  e a c h  p o i n t  - 
c e n t r a l ,
(3 )  T h i s  g ro u p  c o n s i s t s  o f  t h e  o p e r a t i o n  o f  r e f l e x i o n  i n  
a p l a n e  o n l y  - e q u a t o r i a l ,
(4 )  T h e r e  a r e  24 g r o u p s  f o r  w h ic h  t h e r e  i s  a  p r i n c i p a l  a x i s  
The a x i s  o f  sym m etry  i s  d e s c r i b e d  a s  d i g o n a l ,  t r i g o n a l ,  
t e t r a g o n a l ,  a c c o r d i n g  a s  t o  w h e t h e r  w ?   ^ w h e re
i s  t h e  a n g l e  o f  r o t a t i o n  a b o u t  t h e  a x i s  o f  sym m etry .
( a )  when t h e  d i g o n a l  a x i s  i s  p e r p e n d i c u l a r  to  t h e  
p r i n c i p a l  a x i s  - sym m etry  i s  h o l o a x i a l ,
(b )  when t h e  p l a n e  o f  sym m etry  i s  p e r p e n d i c u l a r  t o
t h e  p r i n c i p a l  a x i s  - symmetry  i s  e q u a t o r i a l .
( c )  i f  t h e  sym m etry  i s  n o t  ( a )  o r  (b )  i t  i s  p o l a r .
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(d )  when t h e r e  i s  a p l a n e  o f  sym m etry  t h r o u g h  t h e  
n - g o n a l  p r i n c i p a l  a x i s  t h e  sym m etry  i s  d e s c r i b e d  
a s  d i - n - g o n a l ;  i t  i s  f u r t h e r  d e s c r i b e d  a s  p o l a r  
a c c o r d i n g  a s  t h e r e  i s  o r  i s  n o t  a p l a n e  o f  
sym m etry  a t  r i g h t  a n g l e s  to  th e  p r i n c i p a l  a x i s .
( e )  when t h e  p r i n c i p a l  a x i s  i s  a n  a x i s  o f  a l t e r n a t i n g  
sym m et ry ,  t h e  sym m etry  i s  d e s c r i b e d  a s  d i - n - g o n a l  
a l t e r n a t i n g  a c c o r d i n g  a s  t h e r e  i s  o r  i s  n o t  a  
p l a n e  o f  symmetry  t h r o u g h  t h e  p r i n c i p a l  a x i s ,
(5 )  The r e m a i n i n g  g r o u p s ,  f o r  w h i c h  t h e r e  i s  n o t  a  p r i n c i p a l  
a x i s ,  may be  d e s c r i b e d  by r e f e r e n c e  to  t h e  c u b e .  A l l  t h e s e  
c r y s t a l s  p o s s e s s  a t  an y  p o i n t  a x e s  o f  sym m etry  w h i c h  a r e  
d i s t r i b u t e d  l i k e  t h e  d i a g o n a l s  o f  a c u b e ,  h a v i n g  i t s  c e n t r e  
a t  t h e  p o i n t ,  and  o t h e r s ,  w h ic h  a r e  p a r a l l e l  t o  t h e  e d g e s  o f  
t h e  c u b e .
The c r y s t a l  g r o u p s  b e l o n g i n g  to  ( l ) - ( 4 )  a r e  g i v e n  i n  T a b l e  I I ,  
t o g e t h e r  w i t h  t h e  c o v e r i n g  o p e r a t i o n s  and  t h e  r e l a t i o n s  
s a t i s f i e d  by t h e  o ’ s .  I n  T a b l e  I I : -
I f  t h e r e  i s  a n  a x i s  o f  sym m etry  t h i s  i s  t a k e n  a s  o
I f  t h e r e  i s  a p l a n e  o f  sym m etry  p e r p e n d i c u l a r  t o  t h e  p r i n c i p a l  
a x i s ,  t h i s  i s  t a k e n  a s  ^
I f  t h e r e  i s  a  p l a n e  o f  sym m etry  p a s s i n g  t h r o u g h  t h e  p r i n c i p a l  
a x i s ,  t h i s  i s  t a k e n  a s
I f  t h e r e  i s  a d i g o n a l  a x i s  p e r p e n d i c u l a r  t o  t h e  p r i n c i p a l  a x i s  
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10.  FORM OF THE STRAIIT BKBRGY FUNCTION f o r  t h e  DIJEBKEUT 
CLASSES o f  CRYSTALS.
avvi -  C . e  +  4-
•*■ c^i^î + ICjje^ej + a.Cu,ej.e., + ac irtv tr + ‘lcit®4.5*
4- -V- -4-‘Xqr'^a^.s-4-0.c^^^e3e,





.V  . , ^
V ,  C l  .  V
aw C\, e?" 4- o.c»^ev«i 4- ^c.i f itj
( 10. 1)
a.vJ “ Cvi el -4- 4- e^  e,,
4” Cvi. 4- ®5.^3 4* ^Cxij
4- C.3^  Gj" i- ^^36
4 - Cum « I  - t  S iC u r^ i^ r
+ Css-e.y ->- Cfcfc Cfc ( 1 0 . 2 )
■V C iv S i ■*•
+ CjjC]- -*- + Crref +  c„ e^ ,'" ( 10 . 3 )
C3 , s ,
a w  -  Cu s i  4-  ^ C a e » e ^ +  u . c , j  € , € 3  4- e , i u  +- 1 t , s - e ,  € r
4- Cu + %c»2 — 3 .c ,r  'e% ^f
4- C 3 3  +- Cum *” SLc,r
4 " Cuu 4* lCu4 e^ c^ g
4- (,C-u — Cj^ 3 <^*
____________________________________________ _____  ( 1 0 . 4 )
(44)
-ba ,
W «■ Gw el 4- *1 Cj-j. e,» 4 i.c,2 e, ^ 3 4
^ Cu 4^1 -4 îlCi Ca.e3
+- Cl^e} 4C^u '^b^b
Ci\ Q , X ,  X*-. C > V  ■
%w  ^ Cx, el -V CLCv^ 'exCj. 4
4 Cx, el 4- 9LCx3 e,S]
•4 c 3^ e l 4 Cuu cl 4. Cuu ej 4
Cu j Cm ■ . '
V^v) % Cu'Cl 4 4 a.Cx3 Cx e^
4- Cx, e^ 4 1Cx2 e^ e^
4 C-J^3 el 4 Gmm Gxl 4- CuM
;%)s ; c ,
- Cu el 4 O.Cxv CxG^ 4 c^^xi e^
4 c„ el 4. C^x3€a.e3
4 C-33 e  ^ 4- Cub Cy 4 Cux^ e^
4 lCu,e.eM  
— 1c,(, GiG&
(10.7)
( 1 0 . 8 )
C u b i c •
T h e r e  m us t  be  i n  t h i s  s y s t e m  t h e  p o s s i b i l i t y  o f  c y c l i c a l  
i n t e r c h a n g e  o f  t h e  t h r e e  a x e s  w i t h o u t  c h a n g e  o f  p h y s i c a l  
p r o p e r t i e s .  T h e r e f o r e ,  i n  t h i s  c a s e  t h e  , f o r m  o f  w i s




F o r  e x p e r i m e n t a l  p u r p o s e s  i t  i s  e a s i e r  t o  a p p l y  one  
com p on en t  o f  s t r e s s  and  m e a s u r e  t h e  r e s u l t i n g  s t r a i n .  T h e r e -
f o r e  H o o k e ’ s Law i s n e e d e d i n t h e f o r m
e = S X . . . ( 1 1 . 1 )
w h e re
S - >6xm
^ x-k. ^a.r
Aj, 3^3 3^6 . . . ( 1 1 . 2 )
•^UM
^rr >6r6
A&IL -^ 6r -^ 66
w here  5i| i s  K r o n e c k e r ' s  d e l t a  
i . e .
C- 1w h e r e  a n d  8 ^  W  i s  t h e  s u b - d e t e r m i n a n t  o f
o b t a i n e d  b y  o m i t t i n g  t h e  1 t h  row and  t h e  ^ t h  co lum n f r o m  j
and  « . , , ( 1 1 . 4 )
S i m i l a r l y  i f  and  d e n o t e  t h e  c o r r e s p o n d i n g
s u b - d e t e r m i n a n t s  when t h e  r e p l a c e  t h e  cù , i t  i s  c l e a r
t h a t  CjLL ^ 5j^
I f  th e  c o m p r e s s i o n  i s  a p p l i e d  a l o n g  t h e  x - a x i s  b u t  n o t  i n  any  
o t h e r  d i r e c t i o n ,  t h e n  a l l  t h e  c o m p o n e n t s  o f  s t r e s s  e x c e p t  X, 
a r e  z e r o .  E q u a t i o n  ( 1 1 . l )  t h e n  r e d u c e s  t o
fir -
= 3^1
■^b -  -ôb»
. . . ( 11. 6)
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Then  - t h e  m o d u lu s  g i v i n g  t h e  c o n t r a c t i o n  i n  t h e
^ x ' d i r e c t i o n ,  e t c .
- t h e  m o d u lu s  g i v i n g  th e  c h a n g e  o f  t h e  a n g l e  b e t w e e n  
t h e  ^^ 3 - a x e s ,  e t c .
C o n s i d e r  t h e  e n e r g y  i n  t h i s  c a s e .
The r e l a t i o n s  w h ic h  e x i s t  b e tw e e n  t h e  c o m p o n e n t s  o f  s t r e s s  
a f t e r  a  r o t a t i o n  o f  a x e s  i s
X' - 4L X
w h e re
. . . ( 1 1 . 7 )
' t . -Tit CL ' %. \ i
iTg T,^
< •Tat "Til
v . ^ ‘ U ‘5-Tn 3 • iT i^ T31
Tib'L] 'xx"Ti3''' '3î."^ i3 I 13I31 TiLi ~3 X "^3 \ ^x^
Tj, T„ '«1 TiiTîl
jTw Ta, x-R,. Ta] T»x "la 4
. . . ( 1 1 . 8 )
JtZu - I ix Ï
. . . ( 11. 9)
-
X S X u s i n g  (1 1 . l)
By a r o t a t i o n  o f  a x e s
avo s'
ÔTl s' UL
vJ' - w  
i f  a n d  o n l y  i f  ^ - 
B u t  s i n c e  t h e  e l a s t i c  m o d u l i  a r e  c o n n e c t e d  t o  t h e  e l a s t i c  
c o n s t a n t s  by  t h e  r e l a t i o n s  ( 1 1 . 3 ) ,  t h e  e l a s t i c  m o d u l i  m u s t  b e
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c o n s t a n t  f o r  t h e  r o t a t i o n  o f  a x e s  i n t e  c a s e s o f  sym m etry
s' -- s
T h e r e f o r e  e q u a t i o n  ( 1 1 , 1 0 )  becom es
S -  JUL Six
o r  S k  u s i n g  ( 1 1 . 9 )  . . . ( 1 1 . 1 1 )
A n o t h e r  m e th o d  o f  f i n d i n g  t h e  r e l a t i o n s  b e t w e e n  t h e  e l a s t i c
m o d u l i  i s  t o  u s e  t h e  f a c t  t h a t  a r o t a t i o n  o f  a  s y m m e t r i c a l  
c r y s t a l  l e a v e s  t h e  e l a s t i c  m o d u l i  u n a l t e r e d
e * s X
A f t e r  a r o t a t i o n  e' % s'x'
,e J r c  X s'jLLX u s i n g  ( 1 1 , 7 )  a n d  ( 7 • 7 )
Jts X =. s' u X
T h e r e f o r e  s i n c e  X i s  n o n - z e r o  • irS = s'U
fo r
T h e r e f o r e  t h e  e l a s t i c  m o d u l i  a r e  i n v a r i a n t  i n  t h e  r o t a t i o n  o f  
a x e s  i f  S t  S Ï
w h i c h  i s  t h e  same a s  th e  c o n d i t i o n  g i v e n  by  ( 1 1 . 1 1 ) .
I f  t h e  p r o b l e m  i s  t a c k l e d  i n  t h i s  way t h e  e q u a t i o n  ( 1 1 . 1 1 )  c a n
b e  s o l v e d  i n  t h e  same way a s  e q u a t i o n s  ( 7 . 8 )  and  t h e  r e l a t i o n s
b e t w e e n  t h e  e l a s t i c  m o d u l i  a r e  f o u n d  t o  be t h e  same a s  i f  t h e  
v a l u e s  f o r  t h e  e l a s t i c  c o n s t a n t s  h a d  b e e n  s u b s t i t u t e d  i n  
e q u a t i o n  ( 1 1 . 3 ) »
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1 2 ,  STABILITY CRITERIA.
The u s u a l  m ethod  o f  i n v e s t i g a t i n g  t h e  s t a b i l i t y  o f  a  
c r y s t a l  l a t t i c e  c o n s i s t s ,  i n  c o m p a r in g  i t s  l a t t i c e  e n e r g y  
w i t h  t h a t  o f  o t h e r  p o s s i b l e  l a t t i c e s  b u i l t  up f r o m  t h e  same 
p a r t i c l e s .  An a l t e r n a t i v e  m eth o d  i s  t h e  m ethod  o f  s m a l l  
v i b r a t i o n s  b u t  i t s  a p p l i c a t i o n  t o  t h e  c a s e  o f  c r y s t a l s  i s  
d i f f i c u l t  s i n c e  t h e  number  o f  n o r m a l  v i b r a t i o n s  i s  p r a c t i c a l l y  
i n f i n i t e .  F i n a l l y  t h e r e  i s  t h e  m ethod  o f  d i s c u s s i n g  t h e  s i g n  
o f  t h e  q u a d r a t i c  t e r m s  i n  t h e  e x p r e s s i o n  f o r  t h e  e n e r g y .  To 
u s e  t h i s  l a s t  m eth o d  an  e x p r e s s i o n  f o r  t n e  e n e r g y  i s  n e e d e d .  
T h i s  i s  o b t a i n e d  b y  m ak in g  u s e  o f  s t a t i s t i c a l  m e c h a n i c s .
The m e th o d s  c a n  o n l y  be  c o n s i d e r e d  a s  a p p r o x i m a t e  an d  t h e  
d i f f e r e n t  e n u m e r a t i o n s  l e a d  t o  v a r y i n g  d e g r e e s  o f  a c c u r a c y .
The g e n e r a l  m eth o d  i n v o l v e s  r e g a r d i n g  t h e  c r y s t a l  i n  t h e  
f i r s t  a p p r o x i m a t i o n  a s  a s i n g l e  H a m i l t o n i a n  s y s t e m ,  whose  
c l a s s i c a l  m o t i o n  may b e  r e g a r d e d  a s  s m a l l  o s c i l l a t i o n s  a b o u t  
p o s i t i o n s  o f  e q u i l i b r i u m ,  w h ic h  c a n  be  a n a l y s e d  i n t o  n o r m a l  
m o d e s .  E a c h  n o r m a l  mode may be  r e g a r d e d  a s  a n  i n d e p e n d e n t  
o s c i l l a t o r .  T h e n ,  i n  o r d e r  to  make u s e  o f  t h e  q u a n tu m  
m e t h o d ,  i t  i s  n e c e s s a r y  t o  a s s i g n  t h e  q u a n tu m  s t a t e s  o f  t h e  
h a r m o n i c  o s c i l l a t o r  t o  e a c h  o f  t h e  n o r m a l  m o d es .
B e f o r e  i t  i s  p o s s i b l e  t o  o b t a i n  a n  e x p l i c i t  e x p r e s s i o n  
f o r  t h e  p a r t i t i o n  f u n c t i o n ,  f r o m  w h ic h  a l l  t h e  t h e r m o d y n a m i c a l  
q u a n t i t i e s  c a n  be  f o u n d ,  a  m ethod  o f  a s s i g n i n g  v a l u e s  t o  t h e  
n o r m a l  f r e q u e n c i e s  m ust  be d e c i d e d .  The m e th o d s  v a r y  f r o m
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t h a t  o f  E i n s t e i n ,  who a s s i g n e d  a s i n g l e  v a l u e  t o  a l l  t h e  3W 
f r e q u e n c i e s  i n  a c r y s t a l  o f  w a tome  t o  t h e  more e l a b o r a t e  
me thod  s u g g e s t e d  by  Debye  and w h i c h  h a s  b e e n  u s e d  by  Born  i n
h i s  work on c r y s t a l s .  The c r y s t a l  i s  r e g a r d e d  a s  a  s e t  o f
l o c a l i s e d  s i m p l e  a n h a r m o n i c  o s c i l l a t o r s ,  e a c h  w i t h  a 
p a r t i t i o n  f u n c t i o n  o f  t h e  f o r m  Z . Then  t h e
•r
f r e e  e n e r g y  can  be shown t o  be
F -  XT . . . ( 1 2 . 1 )
B u t  t h e  p r o p e r  f r e q u e n c i e s  have  b e e n  f o u n d  a s  3^ % b r a n c h e s  
o f  t h e  f r e q u e n c y  f u n c t i o n  i n  t h e  p h a s e  s p a c e ,  ^ ^  ,
whe re  X i s  t he  wave l e n g t h .  T h e n ,  a v e r a g i n g  o v e r  t h e
p h a s e  s p a c e ,  t he  f r e e  e n e r g y  o f  t h e  c r y s t a l  w i l l  b e
f\ = î o  4 ^  "  cT ) c> ÿ . . , ( 1 2 . 2 )
whe re  i s  t h e  p o t e n t i a l  e n e r g y  o f  t h e  n o n - v i b r a t i n g
l a t t i c e  and  t h e  i n t e g r a l  i s  f r o m  - tt £«><.£ 'îT
The d e t e r m i n a t i o n  o f  t h i s  e x p r e s s i o n  i n  f u l l  i s  n o t  
p o s s i b l e .  E o l l o v / i n g  an  i d e a  o f  S t e r n  i t  c a n  be w r i t t e n  i n  
t h e  f o r m
f\ a *$ _ 4. -te T ioQ. o ° * ( l 2 . 3 )
° ^  JkT
f o r  h i g h  t e m p e r a t u r e s ,  wh e re
Jocj 03 - j ^ si . . , ( 1 2 . 4 )
I n  e a c h  t h e r m o d y n a m i c a l  s y s t e m  d i s t i n c t i o n  i s  made
b e t w e e n  t h e  a t o m i c  c o - o r d i n a t e s    w h i c h  a r e  s u b j e c t
t o  s t a t i s t i c a l  d i s t r i b u t i o n  and  t h e  m o l a r  p a r a m e t e r s  ?», .........
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d e s c r i b i n g  t h e  o u t e r  m a c r o s c o p i c  c o n d i t i o n s .  From t h e  
m a c r o s c o p i c  s t a n d p o i n t ,  t h e r m o d y n a m i c s  h a s  o n l y  t o  do w i t h  
s t a t e s  o f  e q u i l i b r i u m ,  h e n c e  homogeneous  d e f o r m a t i o n s  o n l y  
n e e d  be  c o n s i d e r e d .  Then t h e  sh a p e  and  s i z e  o f  t h e  
e l e m e n t a r y  c e l l  a r e  t h e  m o l a r  p r o p e r t i e s .  T h u s ,  i f  t h e  
l a t t i c e  c e l l  i s  d e f i n e d  a s  i n  s e c t i o n  2 , t h e  s i x  s c a l a r  
p r o d u c t s
. S/% * 0*, 3) , . , ( 1 2 . 5 )
c a n  be  t a k e n  a s  m o l a r  p a r a m e t e r s .
T h u s ,  e q u a t i o n  ( 1 2 . 3 )  becomes
A r f  +- ■*0'^  . . . ( 1 2 . 6 )
The g e n e r a l i s e d  f o r c e s  c o r r e s p o n d i n g  t o  t h e  m o l a r
p a r a m e t e r s  a r e  t h e  s t r e s s  co mp o ne n t s
^  . . . ( 12. 7 )
w h i c h  a r e  d e t e r m i n e d  by  t h e  e x t e r n a l  c o n d i t i o n s .  By s o l v i n g  
t h e s e  e q u a t i o n s ,  t h e  e q u i l i b r i u m  v a l u e s  o f  c a n  be
o b t a i n e d .  Hot  e v e r y  s o l u t i o n  i s  p o s s i b l e .  On ly  t h o s e  f o r  
7/ h i c h  t h e  q u a d r a t i c  t e r m s  i n  t h e  e x p a n s i o n  o f  A w i t h  r e s p e c t  
t o  s m a l l  a l t e r a t i o n s  ^ f r o m  t h e i r  e q u i l i b r i u m  v a l u e s  
a r e  p o s i t i v e  d e f i n i t e ,  c a n  be u s e d .  T he s e  t e r m s  
h a v e  t h e  f o r m
A -  Ao -- i  Z  J - [ H  • V ( 1 2 . 8 )
The c o e f f i c i e n t s  a r e  t h e  e l a s t i c i t y  c o n s t a n t s ,  w h i c h  a r e  
f u n c t i o n s  o f  t h e  t e m p e r a t u r e .
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7/hen t h e  t e m p e r a t u r e  v a n i s h e s ,  t h e  f r e e  e n e r g y  
be co m es  i d e n t i c a l  w i t h  t h e  s t a t i c  p o t e n t i a l  Î©  . Bu t  
t h e  s t a b i l i t y  c o n s i d e r a t i o n s  mus t  r e m a i n  v a l i d  e v e n  i n  t h i s  
l i m i t i n g  c a s e  w he re  t h e  t h e r m o d y n a m i c a l  s y s t e m  d e g e n e r a t e s  
i n t o  a m e c h a n i c a l  one .  I t  c an  be  i n f e r r e d  t h a t  t h e  m a c r o ­
s c o p i c  s t a b i l i t y  o f  t h e  l a t t i c e  i s  d e t e r m i n e d  by  t h e  p o s i t i v e  
d e f i n i t e  c h a r a c t e r  o f  t h e  q u a d r a t i c  f o r m  ( 1 2 . 8 ) o f  s i x  
v a r i a b l e s  o n l y ,  t h e  v a r i a t i o n s  o f  t h e  c e l l  p a r a m e t e r s
a n d  t ha i t  i t  i s  n o t  n e c e s s a r y  t o  c o n s i d e r  t h e  c o m p l e t e  e l a s t i c  
s p e c t r u m  w i t h  i t s  i n n u m e r a b l e  p r o p e r  f r e q u e n c i e s .  A n o t h e r  
wa.y o f  e x p r e s s i n g  t h i s  i s  t o  s ay  t h a t  a  l a t t i c e ,  wh ich  i s  
s t a b l e  f o r  l o n g  waves  i s  a l s o  s t a b l e  f o r  s h o r t  w a v e s .
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13 .  STABILITY OF A LIHEAR LATTICE.
I n  t h i s  s e c t i o n ^ ( 3 ) >  f o r  t h e  p a r t i c u l a r  c a s e  o f  a  l i n e a r  
l a t t i c e ,  a  p r o o f  o f  t h e  f a c t  t h a t  a  l a t t i c e ,  wh ich  i s  s t a b l e  
f o r  l o n g  waves  i s  a l s o  s t a b l e  f o r  s h o r t  v / aves ,  i s  g i v e n .
C e r t a i n  a s s u m p t i o n s  h a v e  t o  be  made w i t h  r e g a r d  t o  t h e  f o r m  
o f  t h e  p o t e n t i a l  e n e r g y  ( i . e .  t h e  f o r c e s  b e t w e e n  t h e  p a r t i c l e s )  
I f  OL i s  t h e  l a t t i c e  c o n s t a n t  o f  a l i n e a r  l a t t i c e  o f  
e q u a l  p a r t i c l e s  and  xtU) a r e  t h e  d i s p l a c e m e n t s  o f  t h o s e ,  t h e  
p o t e n t i a l  e n e r g y  i s
f  Ï. i  f  -  uu' ) ]  ,  l o - ’ ••• . . . ( 1 3 . 1 )
^  i t '
whe re  t h e  j 5, a r e  t h e  t e r m s  o f  o r d e r  o ,  », 1 .. • .
i n  t h e  julU^  and  Z '  means  t h a t  t h e  t e r m  i s
e x c l u d e d  f r o m  t h e  s u m m at i o n .
From symmet ry  ?» - o
and OQ
*  I N  2^ c ? ( \b a . )  .  M I  f l N
T. 1 Z' t'K)] [jaW -
^   ^ iki
, _ i  7  i r U - t ' )  - a U O
^ eXi
. . . ( 1 3 . 2 )
whe r  e
(p'X-io-)
• • • (1 3 . 3 )03
ir lo 'i -  r  i r W
I s - o O
-  i Z  -trU).
The e q u a t i o n s  o f  v i b r a t i o n  a r e
•vn 4L .  -  i l l  .  %
a u-ii) *■'
. . . ( 1 3 . 4 )
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A wave o f  w a v e - l e n g t h  X i s  r e p r e s e n t e d  by
oxLO *• JUL ^  ~ ^  ou • “ • ( 1 3 » 5 )
T h i s  i s  a s o l u t i o n  of  ( 13 . 4 ) ,  i f
nvwu'  ^ =1 k Z  <^U) i  i  . . . ( 1 3 . 6 )
JL.»
The v a l u e  o f  0/ c an  be r e s t r i c t e d  so t h a t  o & si ^ .
F o r  l o n g  waves  ( i . e .  ^  s m a l l )  ( I 3 . 6 ) r e d u c e s  t o
. 0 . ( 1 3 . 7 )
The m a c r o s c o p i c  s t a b i l i t y  i s  e x p r e s s e d  by  t he  p o s i t i v e n e s s  
o f  ( 1 3 . 7 )
Z  A-U) i"  > 0 , . . ( 1 3 . 8 )
•t
I t  i s  now a s s um ed  t h a t  t h e  f o r c e s  b e t w e e n  f i r s t  n e i g h b o u r s  
i n c r e a s e s  f o r  a l l  s m a l l  d i s p l a c e m e n t s  ( i n c r e a s i n g  o r  
d e c r e a s i n g  d i s t a n c e )  and t h e  f o r c e  b e t w e e n  more d i s t a n t  
p a r t i c l e s  d e c r e a s e s  f o r  s m a l l  d i s p l a c e m e n t s .
i . e .  irCO > û   ^ IrLk.) <0  j  ..........
The m i c r o s c o p i c  s t a b i l i t y  i s  e x p r e s s e d  by  t h e  p o s i t i v e n e s s  o f
«0
2 ] J rU)  W i î f i .  > 0  . . . ( 1 3 . 9 )
t-> h
To p r o v e  t h i s  i s  s o ,  ( 1 3 . 9 )  i s  w r i t t e n  i n  t h e  . form
1  •  A-O) Si [ l  -  Z
H L ixCO -I^  «1 3 0 • o ( 13 . lO )
wh e r e  .
\  J2. /a*y/\iî4 /1
6 1 , t h e  e q u a l i t y  h o l d i n g  i n  o ^ si i  o n l y
f o r  = o
-$4"
From ( 1 3 . 8 )
o  <  i  i ± ^ '  r  4 , u )  6  z
i -a ^0)
2  \ J r U l l V *




T h i s  shows t h a t  t h e  b r a c k e t  i n  ( 13 . I O )  i s  p o s i t i v e  an d  (13*9 )  
i s  p r o v e d .  T h e r e f o r e ,  w i t h  t h e  a s s u m p t i o n s  s t a t e d ,  t h e  
s t a b i l i t y  f o r  m a c r o s c o p i c  d e f o r m a t i o n s  i m p l i e s  t h e  s t a b i l i t y  
f o r  a ny  d e f o r m a t i o n  ( s h o r t  w a v e s ) ,
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The s t a b i l i t y  c r i t e r i a ,  o b t a i n e d  i n  s e c t i o n  1 2 ,  a r e  now 
a p p l i e d  t o  t h e  c a s e  o f  a monatomic  l a t t i c e  (3)= H e r e ,  a s  i n  
t h e  n e x t  f ew s e c t i o n s ,  t h e  t h e o r y  d e a l s  o n l y  w i t h  t h e  c a s e  i n  
w h i c h  t h e r e  i s  o n l y  one k i n d  o f  a t o m  and  a  s i n g l e  a t o m  t o  
e a c h  b a s i c  c e l l .  T h i s  s i m p l i f i e s  t h e  e q u a t i o n s  somewhat  by  
t h e  e x c l u s i o n  o f  summ at io ns  o v e r  A  . Howeve r ,  i t  s h o u l d  be  
p o s s i b l e  t o  e x t e n d  t h e  t h e o r y  t o  t h e  more g e n e r a l  c a s e .
F o r  t h e  c a s e  o f  a c u b i c  l a t t i c e  c o n s t a n t  o- , whe re  t h e  
^  a r e  o r t h o g o n a l  v e c t o r s  o f  l e n g t h  a**‘ , t h e  f i r s t  o f
e q u a t i o n s  ( 2 . 27 ) becomes
-  » , . ( 1 4 . 1 )
a> ^
whe re  cu i s  t he  a b s o l u t e  v a l u e  o f  t h e  component  o f  t h e  v e c t o r  
d i s t a n c e  o f  n e a r e s t  n e i g h b o u r s  i n  t h e  d i r e c t i o n  o f  t h e  c u b i c  
a x e s .  Fo r  a B r a v a i s  t y p e  o f  l a t t i c e  t h e r e  i s  o n l y  one 
n u c l e u s  i n  a c e l l .  T h e r e f o r e  V r  I and  t h e  l a t t i c e
p o i n t s  o f  t h e  u n d i s t u r b e d  l a t t i c e  a r e  g i v e n  by  v e c t o r s
To u " ) *  j cu)  ^ Vo CO ^ a t e  4  cxl . . . ( 1 4 . 2 )
The cube  w i t h  s i d e  Ou i s  t r a n s f o r m e d  by  a  d e f o r m a t i o n  
i n t o  a  p a r a l l e l e p i p e d  whose  s i d e s  a r e  t h e  v e c t o r s  5
t h e  l a t t i c e  p o i n t s  o f  t h e  u n d e f o r m e d  l a t t i c e  a r e  now g i v e n  by  
t h e  v e c t o r s
T t^)  » 4 Qu 4 i j  . .  • ( 14#3)
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The i n t e g e r s  ^3 a s sume  d i f f e r e n t  s e t s  o f
v a l u e s  f o r  t h e  B r a v a i s  l a t t i c e s .  T h e s e  a r e  g i v e n  i n  
TABLE IV.
The ch an g e  i n  t h e  s q u a r e  o f  t h e  d i s t a n c e  g i v e n  by  ( 2 . 2 9 )
I t  i s  a s sum ed  t h a t  t h e  f o r c e s  b e t w e e n  t h e  a to m s  a r e  
c e n t r a l  f o r c e s  h a v i n g  a  p o t e n t i a l  (v) ,
E q u a t i o n s  ( 6 . 2 )  i n  t h i s  c a s e  a r e
?  - Z  4 4  Z  Z  " D 10
+   . . . ( 1 4 . 4 )
w h e r e  •. a r e  t h e  v a l u e s  of  ^
i n  t h e  e q u i l i b r i u m  p o s i t i o n .
Owing t o  t h e  c u b i c  symmet ry ,  a l l  l a t t i c e  sums c o n t a i n i n g  
odd  p o w e r s  o f  oan.sK and t h o s e  l a t t i c e  sums w h i c h  c a n  be
t r a n s f o r m e d  i n t o  one a n o t h e r  by  e x c h a n g i n g  t h e  i n d i c e s  o f  
i» ix (3 a r e  e q u a l .
T h e r e f o r e  o n l y  t h e  l a t t i c e  sums ( o v e r  t h e  u n d e f o r m e d  
l a t t i c e )  o c c u r .
^  + l i +  • • • • . . . ( 1 4 . 6 )
w h e r e
5 .  •  t “ U ° . )  Î , -  S 5. .  ■)
/ . . ( 1 4 . 7 )
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The e q u i l i b r i u m  c o n d i t i o n s  ( s e c t i o n  12) f o r  t h e  c a s e  o f  
no e x t e r n a l  s t r e s s  r e d u c e  t o
( '  ^ _ 71 ^  ^  . . * ( 1 4 . 8 )
\  \ O /  JL
f r o m  w h i c h  t h e  l a t t i c e  c o n s t a n t  ^  c a n  be  d e t e r m i n e d .
C o n s i d e r  t h e  q u a d r a t i c  i n  w h i c h  t h e  f o l l o w i n g
c o m b i n a t i o n s  o f  t h e  s t r a i n  co mp on en t s  o c c u r ; -  
^  =. Ua'* ( » i  + + '^^)
^  '  «a'* [ . . . ( 1 4 . 9 )
u s i n g  t h e  n o t a t i o n  i n t r o d u c e d  i n  ( 4 * 2 7 ) ,
T h e r e f o r e  t h e  e n e r g y  d e n s i t y  o f  t h e  c r y s t a l  i s
U - 4 ISii ^x ^ oc^cHh) . * . ( 1 4 . 1 0 )
4 4 >X 4
The vo lume o f  t h e  l a t t i c e  i s  -\r  ^ V o? whe re  ^ v a r i e s  
f o r  t h e  d i f f e r e n t  l a t t i c e  t y p e s  [(a)  P - i j  C&) k : C-f)
By c o m p a r i n g  w i t h  ( 1 4 . 6 )  t h e  l a t t i c e  c o n s t a n t s  a r e  g i v e n
Toy
C»,  ^ i. f  [ x  o )  ^ i  T ^  ,0 * (14*11 )
C,,  .  \  ^  . . . ( 1 4 . 1 2 )
The e q u a l i t y  o f  and  Cum i s  i n  a g r e e m e n t  w i t h  t h e
r e l a t i o n s  l i f ) .
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The fo r m  ( 1 4 . 1 0 )  i s  p o s i t i v e  d e f i n i t e  i f  a nd  o n l y  i f
Cu 4 O Cu -C,a_'?0 % Cub>0 . . . ( 1 4 . 1 3 )
T h e r e f o r e  t o  d i s c u s s  t h e  s t a b i l i t y  o f  t h e  t h r e e  c u b i c  
l a t t i c e s  t h e  s i g n s  o f  t h e s e  c o m b i n a t i o n s  o f  l a t t i c e  sums mus t  
be  c o n s i d e r e d .  F o r  t h i s  p u r p o s e  t h e  i n t e g e r  i n t r o d u c e d
i n  e q u a t i o n  ( 1 4 . 2 )  i s  u s e d .  T h i s  i n t e g e r  i s  t h e  same f o r  
a l l  th e  l a t t i c e  p o i n t s  a t  t h e  same d i s t a n c e  f r o m  t h e  o r i g i n .  
The number  o f  t h e s e  p o i n t s  i s  d e n o t e d  by  •
The f o l l o w i n g  i n t e g e r s  a r e  a l s o  i n t r o d u c e d ; -
I  -, -, Z  -  K f  . . . ( 1 4 . 1 4 )
S i n c e  t h e  e q u i l i b r i u m  v a l u e  o f  r  i s  - ,  qJL
d e p e n d s  only  on <£ the f o l l o w i n g  n o t a t i o n  i s  u s e d ; -
.  At -  8t  z C t  . . . ( 1 4 . 1 5 )
Ik t  lu r  Ik .11 11+ IT.
Then  t h e  l a t t i c e  sums ( 1?VS-) » ( ] # f y ) , ( b ^ ï ^ s ) ,  ( I f^r t r ï )  a r e
to
• I . " . )  '  z  J .  I  <  %  - °
. . . ( 1 4 . 1 6 )
^  C u  «  2 1  \  C t  I T  c . x  = z i
The c o m p u t a t i o n  o f  t h e  i n t e g e r  c o e f f i c i e n t s  i s  e a s i l y  
done  w i t h  t h e  h e l p  o f  TABLE IV v /h ich  c o n t a i n s  a l l  t h e  l a t t i c e  
p o i n t s  f o r  g i v e n  v a l u e s  o f  A - \ ,  a . . . . .  w i t h  t h e  c o r r e s p o n d ­
i n g  v a l u e s  o f  and  w i t h  t h e  s i g n a t u r e
y  a c c o r d i n g  t o  t h e  l a t t i c e  i n  w h i c h  t h e  t e r m  a p p e a r s .
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T h i s  i s  d e t e r m i n e d  by  t h e  f o l l o w i n g  r u l e s :  ~
(4  ) Î 1», ■*'1 j c an  be  a n y  i n t e g e r s .
( -^ - ) Î 4», 4%) 4] m u s t  be  a l l  e v e n  o r  a l l  o d d .




1 Av A ^3 r
Type
1 + 1 0 0
0 +1 0 6 2 2 0 s
0 0 ±1
2 0 ±1 ±1
+1 0 ±1 12 8 8 4 s ,  f
±1 ±1 0
3 ±1 ±1 ±1 8 8 8 8 s ,  b
4 ±2 0 0
0 ±2 0 6 8 32 0 s ,  b ,  f .
0 0 ±2 •
5 ±2 ±1 0
± 2 +0 +1
±1 ±2 0
0 ±2 ±1 24 40 136 32 s
±1 0 ±2
0 ± 1 ±2
6 ±2 ±1 ±1
±1 ±2 ±1 24 48 144 72 s , f
± 1 ±1 ±2
7 - - - - - -
8 0 ±2 ±2
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= ac» 4. %Ct 4 %C3+ -
* k» + ^^3 4 r - . .
- \O.A>i_ 4 bA^ 4 %.k A b 4 • • • >
* 4  SGk 4  k % e b 4 .........
= tCx 4 SSLCm 4  IkkCb 4 . . .  .
- UC^ 4 l ^ C b  4 ..........
= ?Aa 4 l  An 4 g.4 .......
^  %. % 62 4 4 3^ Ay4 . ' . .
q) •  9: ^  -iacu 4 C| 4. .. .







0  o  >
1
The f o l l o w i n g  t a b l e  c o n t a i n s  t h e  s t a b i l i t y  c o n d i t i o n s  ( 1 4 . 1 3 )  
e x p r e s s e d  i n  t e r m s  o f  b r a c k e t  sy m bo l s
V*1 o
i \ ) > 0
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TABLE VI
4 C„ -  Cvv Cu
A %.C\ 4 \ 6 V 3^ 4 • X.C, 4 kC\+ ..........
kC-i. 4 4 .........
f
\bCi 4 3^1 Cm 4 ltSCt+ kCi 4 3act4 +•
UC-x^ 4 '1Q.Cto4 • . . .
A ïkCs 4 % 4 ■XSTbCç
39LCM 4 bkCft ....... C^3 4
6 U 4 • • • .
T h i s  t a b l e  shows a  q u a l i t i v e  d i s t i n c t i o n  b e t w e e n  t h e  
t h r e e  l a t t i c e  t y p e s ,  n a m e l y ,  w i t h  r e s p e c t  t o  t h e  c o e f f i c i e n t  
o f  t h e  l o w e s t  t e r m ;  i t  v a n i s h e s  f o r  i n  U') , f o r  Cg-Qi
i n  tW b u t  n e v e r  i n  . T h i s  g i v e s  i m m e d i a t e l y  t h e
i n s t a b i l i t y  o f  t h e  s i m p l e  and t h e  b o d y - c e n t r e d  l a t t i c e s  i f  i t  
c a n  be  shovm t h a t  t h e  h i g h e r  t e r m s  a r e  n e g a t i v e .  How
aîè
a 3
a n d  Ol i s  t h e  r o o t  o f  t h e  e q u a t i o n ; -
w h e r e
. . . ( 1 4 . 1 8 )  
, . . ( 1 4 . 1 9 )
aJ€
I t  i s  s u p p o s e d  t h a t  t h e  p o t e n t i a l  e n e r g y  i s  o f  t h e  u s u a l  
f o r m ,  a s s u m e d  f o r  e x p l a i n i n g  t h e  b i n d i n g  e n e r g y  o f  a  d i a t o m i c  
m o l e c u l e  5 i t  h a s  a s h a r p  n e g a t i v e  minimum a t  T-^'To , w h e r e
, and  •> o f o r  T o q  . a l s o  cp"tT) ■> o  f o r  r
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s u f f i c i e n t l y  n e a r  b u t  l e s s ,  t h a n  T» , t h e  i n f l e x i o n  p o i n t  and  
<.o f o r  v -j t , , The s e c o n d  t e r m  i n  { 1 4 ,1 7 )  i s  n e g a ­
t i v e  w i t h  t h e  p o s s i b l e  e x c e p t i o n  o f  f i r s t  n e i g h b o u r s ,  and  
c a n  o n l y  be  p o s i t i v e  i f  t h e  f i r s t  t e r m  i s  p o s i t i v e ,  i . e .  i f
> O
Ho7/ th e  r o o t  o f  e q u a t i o n  ( 1 4 , 1 8 )  i s  e s s e n t i a l l y  
d e t e r m i n e d  by  t h e  f i r s t  t e r m ,  t h e  a r g u m e n t  o f  w h i c h  m u s t  b e  
n e a r  'Cq « t h i s  g i v e s  t h r e e  c a s e s : -
U>) a ~  To (f) ~  "To . . . ( 1 4 . 2 0 )
The f i r s t  t e r m  i n  ( 1 4 , 1 7 )  i s  t h e r e f o r e  p o s i t i v e  an d  
d o m i n a n t  f o r  f i r s t  n e i g h b o u r s .  B u t  i t  w i l l  b e  n e g a t i v e  o r  a t  
l e a s t  a b s o l u t e l y  s m a l l e r  t h a n  t h e  s e c o n d  t e r m ,  a l r e a d y  f o r  t h e  
s e c o n d  n e i g h b o u r s  and h e n c e  f o r  h i g h e r  o n e s ,
cyuoA»">V‘a'rv\i<,
To o b t a i n  a  q u a l i t i v e  e s t i m a t e  a p a r t i c u l a r  f o r m  o f  t h e  
f u n c t i o n  (pM i s  t a k e n .
The g e n e r a l  f e a t u r e  o f  t h e  m u t u a l  p o t e n t i a l  e n e r g y  cj) 
o f  a  p a i r  o f  c o n s t i t u e n t  p a r t i c l e s  o f  t h e  c r y s t a l  l a t t i c e  a s  
a  f u n c t i o n  o f  t h e i r  m u t u a l  d i s t a n c e  r  b e t w e e n  them  w i l l  be  
r e p r e s e n t e d  by a  c u r v e  o f  t h e  t y p e  g i v e n  i n  F i g ,  I .  T h i s  
c u r v e  i s  m a i n l y  d e t e r m i n e d  by  f o u r  q u a n t i t i e s ,  n a m e l y ,  t h e  
c o o r d i n a t e s  o f  t h e  minimum p o i n t  w h i c h  d e t e r m i n e  t h e  
e q u i l i b r i u m  d i s t a n c e  , and t h e  d i s s o c i a t i o n  e n e r g y  jll ,
t h e  c u r v a t u r e  o f  t h e  minimum p o i n t  an d  t h e  p o s i t i o n  o f  t h e  
i n f l e x i o n  p o i n t  , w h i c h  d e t e r m i n e  t h e  s l o p e  o f  t h e  c u r v e
a n d  t h e  a sym met r y  i n  t h e  n e i g h b o u r h o o d  o f  p o s i t i o n .  As t h e
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b u l k  o f  t h e  l a t t i c e  e n e r g y  i s  p r o v i d e d  b y  t h e  f o r c e s  b e t w e e n  
n e a r e s t  n e i g h b o u r s ,  t h o s e  p a r t s  o f  t h e  c u r v e  w h i c h  a r e  f a r t h e r  
away f r o m  t h e  minimum p o i n t  w i l l  n o t  e s s e n t i a l l y  a f f e c t  t h e  
r e s u l t s  a s  l o n g  a s  t h e  g e n e r a l  c h a r a c t e r  o f  t h e  c u r v e  i s  
p r e s e r v e d .  By t h e  same r e a s o n i n g  i t  c a n  be a s s u m e d  t h a t  
d e p e n d s  on t h e  m u t u a l  d i s t a n c e  o f  t h e  p a r t i c l e s  o n l y ,  e v e n  i n  







The mo s t  s i m p l e  a p p r o x i m a t i o n  o f  t h i s  k i n d  i s  a  f u n c t i o n  
o f  t h e  f o r m
4 . . . (14.21)
v /h ic h  a s s u m e s  t h a t  t h e  i n t e r a t o m i c  f o r c e  i s  a  s u p e r p o s i t i o n  
o f  an  a t t r a c t i n g  and  a  r e p e l l i n g  f o r c e ,  b o t h  d e p e n d i n g  on t h e  
d i s t a n c e  t  by  a s i m p l e  i n v e r s e  power  f u n c t i o n .  The v a l u e  
o f  t h e  c o n s t a n t s  A an d  Û c a n  be  f o u n d  u s i n g  t h e  f a c t s  t h a t  
= juu when V s-To and  v/hen r»  Vq ,
- 6 5 -
The f o r m  o f f IS now
JULOnrvnrk





To nn- fn-  I  I r ô to )  -  ( ,T o l« )
. . . ( 1 4 . 2 3 )
H?" <s^ W  - jjL orATO. UTo nr\- rr\
The f o l l o w i n g  l a t t i c e  sums a r e  now i n t r o d u c e d ; -
c  - I€
s r  = I 't ^  u T T w w i n ^
. . . ( 1 4 . 2 5 )
w i t h ' t h e  r e l a t i o n s
to to)
i s ; - '  V k
. . . ( 1 4 . 2 6 )
te ~ 'te-’i. 4 * X
Then  t h e  e q u i l i b r i u m  c o n d i t i o n  ( 1 4 . 8 )  becomes
( v . y . . . ( 1 4 . 2 7 )
a n d  t h e  e l a s t i c i t y  c o n s t a n t s  a r e
To \m Ç - t>i
4-
. . . ( 1 4 . 2 8 )
Cvx^ Cuu ^ ±L ^  ^
2. tr -OTM — onru I  Sn+k]
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He r e  S  c a n  be  e l i m i n a t e d  w i t h  t h e  h e l p  o f  ( 1 4 . 2 7 ) ?  t h e  
e l a s t i c i t y  c o n s t a n t s ,  d i v i d e d  by  t h e  common f a c t o r  Wo.u* 9 
a r e  t h e n  f u n c t i o n s  o f  t tu  and  ^  a l o n e .
W i t h  t h e s e  v a l u e s  of  c», c,a. an d  th e  s t a b i l i t y
c r i t e r i a ( 1 4 . 1 3 ) become ; -
or\4 1. r12312- 'JA.m 4 ncj. antM >
m-» 0. Ç*’’’ -  wOm+M "t
-n-f 2 < * — >
rrr\^X. < I" — C u
Sn+L ^  1m +3. -toa
^  1
. . . ( 1 4 . 2 9 )
/
The f i r s t  i n e q u a l i t y  on a c c o u n t  o f  e q u a t i o n s  ( 1 4 . 2 6 )  
r e d u c e s  t o  nn > m , w h i c h  i s  f u l f i l l e d .  I n  o r d e r  t o  e x p r e s s  
t h e  o t h e r  two i n e q u a l i t i e s  i n  a  c o n v e n i e n t  f o r m  two f u n c t i o n s  
a r e  i n t r o d u c e d ; -
A M  = — Zn+M
CO
. . . ( 1 4 . 3 0 )
. . . ( 1 4 . 3 1 )
Then  t h e  c r y s t a l  i s  s t a b l e  i f  
A > ftOvn) and
U s i n g  ( 1 4 . 2 6 )  i n  ( 1 4 . 3 0 )
- B ( n ) -- . . . ( 1 4 . 3 2 )
The s t a b i l i t y  p r o b l e m  i s  t h e r e f o r e  r e d u c e d  t o  t h e  q u e s t i o n  
w h e t h e r  t h e s e  two f u n c t i o n s  a r e  m o n o t o n i c a l l y  i n c r e a s i n g .
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T h es e  f u n c t i o n s  ha ve  b e e n  c a l c u l a t e d  n u m e r i c a l l y  f o r  
d i f f e r e n t  v a l u e s  o f  na and  t h e s e  v a l u e s  a r e  g i v e n  i n  
TABLE V I I .  The c a l c u l a t i o n s  c an  be f o u n d  i n  a p a p e r  by  
R.D.  M i s r a  ( 1 5 ) •
TABLE V II
S i m p l e E a c e - c e n t r e d B o d y - c e n t r e d
A(n) B( n ) A(n) B(n ) A(n ) B(n )
4 3 .5 0 0 .83 2 .1 0 1 .30 2 . 0 4 4 1 .3 2
5 4 . 9 6 0 .6 8 2 .23 1.59 2 . 0 6 2 1 .6 5
6 6 .36 0 .5 4 2 .38 1 .8 7 2 .056 1 .9 8
7 7 .7 0 0 .43 2 .5 5 2 .1 5 2.029 2 .3 2
8 8 .9 8 0 .3 4 2.73 2 . 3 4 1 .9 8 2 .67
9 10 .2 0 . 2 6 2 .93 2 .6 8 1 .9 2 3 .0 2
10 1 1 . 4 0 .20 3 . 1 4 2 .9 5 1 . 8 4 3 .3 8
11 1 2 .5 0 .1 5 3 .3 5 3 .2 2 1 .7 5 3 .7 5
12 1 3 .7 0 .1 1 6 3 . 60 3 . 4 6 1 .6 6 4 .1 1
13 1 4 . 8 0 .0 8 8 3 .8 2 3 .7 3 1 .5 6 4 . 4 8
14 1 5 .8 0 . 0 6 6 4 . 0 6 3 .9 8 1 . 4 6 4 . 8 5
15 1 6 . 8 0 .0 5 0 4 .2 8 4 . 2 4 1 .36 5 .2 2
. -68-
From t h i s  i t  c an  he  s e e n  t h a t  f o r  t h e  f a c e - c e n t r e d  c u b i c  
l a t t i c e  b o t h  R W  and  a r e  m o n o t o n i c a l l y  i n c r e a s i n g
f r o m  t o  n=. . I n  t h e  c a s e  o f  t h e  b o d y - c e n t r e d
l a t t i c e 9 û U ’i i n c r e a s e s  t n r o u g h  t h e  wh o le  i n t e r v a l  b u t  
f t W  i s  o n l y  i n c r e a s i n g  f o r  t h e  l o w e r  v a l u e s  o f  i . e .
no < f  . T h e r e  i s , t h e r e f o r e ,  a  s m a l l  r a n g e  o f  s t a b i l i t y  
f o r  t h e  b o d y - c e n t r e d  l a t t i c e  w h e r e  b o t h  e x p o n e n t s  a r e  
s u f f i c i e n t l y  s m a l l .  Fo r  t h e  s i m p l e  l a t t i c e  fv i s  
m o n o t o n i c a l l y  i n c r e a s i n g  b u t  i s  m o n o t o n i c a l l y  d e c r e a s ­
i n g .
C o n s i d e r  now t h e  p o i n t  a t  w h i c h  c h a n g e s  i t s  s i g n .
T h i s  i s  g i v e n  by
,  f ■ . . . (14.33)
T a k i n g  ; t h e n
To \  /
. . . (14.34)
T h i s  f u n c t i o n  i s  g i v e n  i n  TABLE V I I I .
TABLE V I I I
*yy\
t . ia t  ÏO' lb «Obi ‘ OOCO
On t h e  o t h e r  h a n d ,  t h e  r a t i o  o f  t h e  d i s t a n c e s  o f  t h e  
s e c o n d  and  f i r s t  n e i g h b o u r s  a r e  a s  f o l l o w s  f o r  t h e  t h r e e  
l a t t i c e s
(aV. Jâi w% k ) (rj-^   ^ r u ' k  ^  . . , ( 1 4 , 3 $ )
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Hence  i t  c an  be s e e n  t h a t  t h e  s e c o n d  n e i g h b o u r s  a l r e a d y  
l i e  i n  t h e  r e g i o n  t  , whe re  , f o r  a l l
l a t t i c e s  i f  nmvH  ^ and  f o r  Gb) and  If') e v e n  i f  fn") I
Hence  t h e  Cji , i n t r o d u c e d  i n  e q u a t i o n  ( 1 4 . 1 5 ) ?  a r e  
n e g a t i v e  f o r  a l l  b u t  t h e  n e a r e s t  n e i g h b o u r s ,  e x c e p t  i n  t h e  
c a s e  o f  t h e  b o d y - c e n t r e d  l a t t i c e  w he r e  f o r  l ow  v a l u e s  o f  
t h e  s c c o n d  n e i g h b o u r s  m i g h t  g i v e  a  p o s i t i v e  
c o n t r i b u t i  on .
T h i s  c o n s i d e r a t i o n  shows t h a t  t h e  a p p e a r a n c e  o f  z e r o  
c o e f f i c i e n t s  i n  TABLE VI e x p l a i n s  t h e  s t a b i l i t y  o f  t h e  c u b i c  
l a t t i c e s .  Hence b o t h  TABLE V II and  TABLE VI a g r e e  t h a t  t h e  
f a c e - c e n t r e d  l a t t i c e  i s  c o m p l e t e l y  s t a b l e ,  t h e  b o d y - c e n t r e d  
l a t t i c e  i s  u n s t a b l e  f o r  l a r g e  e x p o n e n t s  i n  t h e  f o r c e  l aw  and  
t h e  s i m p l e  l a t t i c e  i s  a lw a y s  u n s t a b l e .
- 70“
15 .  LOHG-WAVE and  SHORT-WAVE STABILITY f o r  t h e  FACE-CENTRED 
CUBIC LATTICE.
T h i s  i s  an  e x t e n s i o n  t o  t h r e e  d i m e n s i o n s  o f  s e c t i o n  13» 
The f a c e - c e n t r e d  c u b i c  l a t t i c e  i s  u s e d  f o r  t h e  c a l c u l a t i o n s  
a n d  t h o u g h  a  g e n e r a l  f o r m  o f  t h e  p o t e n t i a l  e n e r g y  i s  c o n ­
s i d e r e d  f o r  t h e  c a s e  o f  c e n t r a l  f o r c e s ,  o n l y  f o r c e s  b e t w e e n  
f i r s t  n e i g h b o u r s  a r e  t a k e n  i n t o  a c c o u n t .  The s t a b i l i t y  
c o n d i t i o n s  f o r  s h o r t  waves  a r e  f o u n d  and  an  a l g e b r a i c  t h e o r e m  
i s  p r o v e d  to  show t h a t  a  f a c e - c e n t r e d  c u b i c  l a t t i c e  i s  s t a b l e  
f o r  l o n g  and  s h o r t  waves  ( l 8 ) .  A p a r t i c l e  i s  d i s p l a c e d  by
a n  amount  f r o m  i t s  e q u i l i b r i u m  p o s i t i o n  . T hen
w r i t i n g
w U l') '  JÜ-CO -  y-Lt') I .  I t - 1') To t O - r p U ' )  . . . ( 1 5 . 1 )
t h e  p o t e n t i a l  e n e r g y  o f  t h e  l a t t i c e  i s
. . ( 1 5 . 2 )
1 ^  Iw h e r e  means  t h a t  t h e  t e r m  ^  i s  o m i t t e d .
The f o l l o w i n g  a b b r e v i a t i o n s  a r e  i n t r o d u c e d : -
(j) U') -  f  (.T .W j
'•  ^  ^ 5 W . • « ( 15 • 3 )
t - / ' '  •  V «J
w i t h  t h e  u s u a l  m e a n i n g  f o r  t h e  o p e r a t o r  ZD ,  
and
. . . ( 1 5 . 4 )
- j}  <S^ U) "
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The f o l l o w i n g  r e l a t i o n s  a l s o  e x i s t ; - 
D  (Ç {.-I) t  "Û (Ç Ct)
fo-.W '  -  4.1 It)
f« /31-  ■' 'Pi/i
T h e s e  q u a n t i t i e s  o n l y  e x i s t  w hen 1  4- °  
t o  d e f i n e  t h e m  f o r  1= o , n am e ly  
fa, lo )  -- Û
. . . ( 1 5 . 5 )
. . . ( 1 5 . 6 )
I t  i s  c o n v e n i e n t
. . . ( 1 5 . 7 )
, . . . ( 1 5 . 8 )
E x p a n d i n g  ( 1 Ç .2 )  w i t h  r e s p e c t  t o  jtlU.') up  t o  t e r m s  o f  t h e
s e c o n d  o r d e r
^   ^ + ^ x ' ' " .............
w h e r e
i o  -  i  Z  f U - 1') -  I  ( p w




-  -  i l  ^ tt')
u s i n g  ( 3.7  )
u s i n g  ( 15 .6  
a n d  ( 1 5 .8
The e q u a t i o n s  o f  s m a l l  v i b r a t i o n s  a r e
'  '  1 ^ : ., - Z  Z
I n t r o d u c e  t h e  p l a n e  wave
w h e r e
A .  si
. . ( 1 5 . 1 1 )
. ( 1 5 . 12 )
\  - j6, 9 , -
- 7 2 -
j - î r  é. • 3î
A
X i s  t h e  w a v e - l e n g t h  and  à  i s  t h e  u n i t  v e c t o r  i n  t h e  
d i r e c t i o n  n o r m a l  t o  t h e  wave f a c e .
Then — 21 Ma - o
w h i c h  i s  t h e  same a s  ( 1 *3 9 ) w i t h  -k = -k'* i 
On a c c o u n t  o f  ( 1 5 . 8 )
^  4- Z! 4</8 W  «})J
t' )0
I n  o r d e r  t h a t  a  n o n - z e r o  s o l u t i o n  o f  ( 15 . I 3 ) s h o u l d  e x i s t  
l\  3]
. . . ( 1 5 . 13 )
. . . ( 1 5 . 1 4 )
U 3 l
>  o
. . . ( 1 5 . 15 )
L3 0  [3 '^3 3] -
The r o o t s  o f  t h i s  e q u a t i o n  mus t  h e  p o s i t i v e  t o  g i v e  t h e  
p r o p e r  f r e q u e n c i e s .  T h i s  e n t a i l s  t h r e e  c o n d i t i o n s : -
c O  L'  0  >  0  I") Lm ] >  0 I n ] L> l a ] >  0
L' x a U i 3 . . . ( 15 . 1 6 )
b G Ua] b 3]
T h e s e  can  be  c o n s i d e r e d  a s  t h e  c o n d i t i o n s  t h a t  
[ 1C 4.
+  a.[3 0  4- a. b a-1 =‘*1 • • • ( 15 • 17 )
s h o u l d  be  p o s i t i v e  d e f i n i t e .
T h e s e  e x p r e s s i o n s  a r e  now c a l c u l a t e d  c o n s i d e r i n g  o n l y  
t h e  f i r s t  n e i g h b o u r s ,  wh ic h  a r e  o b t a i n e d  by  p u t t i n g  two o f  
e q u a l  t o  t \  and t h e  t h i r d  z e r o .
"73“
W r i t i n g  f o r  b r e v i t y
f o r  4*^ aiO
a n d  4 ^ ' '  f o r  4«yjOa^-a , i )
e t c  o
’*■ 0(3)  4- C |)^ A a / t x ^ - û * ^ ^ x U| +o ‘ï )
4oy) 4- AA/rv*^*^ -«vj 4-  ^ . • ( 1 5 . 1 8 )
Fo r  l o n g  waves   ^ *1)^3 a r e  v e r y  s m a l l  so t h a t  
c a n  be  r e p l a c e d  by  i  C*=^ x+«^3)^
txpYe'»î>»oo
The e-q u a t i o n  ( 1 5 . 1 7 ) c an  be  w r i t t e n  i n  t h e  f o r m  
U v -x - '» j l 'i4 r  ac’- + 4 n  V ' +3 4^3^% + 1,=^  +
+ I'XiTolil^y + 4. . . . . }
+ “'a r i^ n ’  ^ 'Ÿ + 4 j‘‘^  4. . . . . ]
4. U i - " > , r i . . . - ]  4. u ,   ] > 0 ' ( 1 5 - 1 9 )
T h i s  i s  o f  t h e  f o r m
R ***3 + T L®^i+ .ii-3 +• ^ L ^ i - <^33
. v v U j - o . , ] "  4. 0 . . . ( 1 5 . 2 0 )
I t  i s  now s u f f i c i e n t  to  show t h a t  i f  ( l 5 « 2 o )  h o l d s  t h e n
R ftJLrrx '^ (^ol5 4^-.< 3^ 4" S *f o/|) X T  %(.^  | +
(J jcuuvx^  ^ o.C°^3*“ <) 4- vU % Co^i— «*^ x3 > O • o é ( 15 • 21 )
f o r  t h i s  i s  e q u i v a l e n t  to  t h e  t h r e e  c o n d i t i o n s  ( 1 5 . I 6 ) w h e r e  
t h e  v a l u e s  o f  L«x /qJ a r e  g i v e n  by  (15*18 )  • Bu t  t h e s e  a r e  
t h e  c o n d i t i o n s  o f  s t a b i l i t y  so t h a t  t h e  p r o b l e m ,  r e d u c e s  t o  
t h e  f o l l o w i n g  a l g e b r a i c  t h e o r e m : -
I f  R (dli+ f  ^ (.Olg-i-c*,)^  + T(plv4-*tO’^ 4- 4- di.^ '^  + wUi-^v)^ > 0
w h e r e  ot., o^a., a r e  t h r e e  i n d e p e n d e n t  v a r i a b l e s ,  t h e  dom a in
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o f  e a c h  b e i n g  a v e r y  s m a l l  r e g i o n  c o n t a i n i n g  t h e  o r i g i n ,  t h e n
R 4. S 43 4- 4- T  4- ai.") 4  V -  *(3 3
4- \J fU/vn?- \  (.ol^  -  ol»3 *V W rw«.x'“\  (joL\ — <^ i3 0
Where o <  ^ , o 1 , o & 0I3 ^IT/^
and  w h e r e  u , , oi^  do n o t  a l l  v a n i s h  s i m u l t a n e o u s l y .
F i r s t  t h e  r e g i o n  i n  w h i c h  3 «^3 v a r y  may be t a k e n  t o
be  a s  l a r g e  a s  we p l e a s e ,  s i n c e  m u l t i p l y i n g  by  (w h e r e
i s  a r b i t r a r y )  e q u a t i o n  ( l 5 *2o) becomes
R 4  4- 4 KoL,')'" 4  TCKoi^4Kd^)'" 4 u U t s l a -
4 \/(,KU3-  Ko(j'’ + wUd»-  KdO'“ > O . . . ( 15. 22)
I n  ( 15 . 2 2 ) ,  Kdyj Koij a r e  i n d e p e n d e n t  v a r i a b l e s  /&, , / i ;  /Q3
and  t h e  n e c e s s a r y  c o n d i t i o n s  t h a t  ( l 5 *22 ) may h o l d  e x a c t l y  
t h o s e  w h i c h  a r e  n e c e s s a r y  i f  ( l 5 * 2 o )  i s  t r u e .  S i n c e  *^3
a r e  c o m p l e t e l y  i n d e p e n d e n t ,  t h e n  i f  ( l 5 *20 ) h o l d s  
R 4^ 4- S (-|3 U 3) -V «Il U»)) 4- T( ' | |CoI,)  4 f  l Ü j )
4 - u -  4 & ^ ( 4^ - ^ ^ y o
w h e r e  j .^ 3 a r e  a r b i t r a r y  f u n c t i o n s .  T h e r e  a r e  t h r e e  
s e p a r a t e  c a s e s ; -
( 1 ) S u p p o s e  i n  ( 1 5 . 20 ) t h a t  two v a r i a b l e s  v a n i s h :  0^1= <^2 - 0
s a y .  The c o n d i t i o n  (15*20 )  becomes
(s 4- 'T 4- V 4- w )  0^?- > 0 . . . ( 1 5 . 23 )
a n d  o b v i o u s l y  (^ S v  T  4- V 4- <!>l\ > 0  . . . ( 1 5 * 2 4 )
f o l l o w s .
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( 2)  Suppose  t h a t  one v a r i a b l e  v a n i s h e s  0^3 - 0  s a y .  S i n c e
( 1 5 . 20 ) h o l d s
03 s  4 “r 4  V 0») R 4  s  4  U 4  \j >  o  k'O R 4 T  4 L)4 'k; ) 0  " . * ( 1 5 * 2 5 )
W ith  oi^rO ( 15 . 20 ) becomes
(__&4V") ot} 4- IR 4U) 01} + TUi4o<x)  ^ 4 wLcli- >0  . . . ( 1 5 . 2 6 )
I f  X i s  r e p l a c e d  by  tô/w and  by
i t  f o l l o w s  t h a t
(^ S4V) ^  l^4U) zxwvHjb ^  T  aWiU.4.<0 ^ ^  >
M u l t i p l y i n g  by w h i c h  i s  p o s i t i v e
(^ S+V) CR+u) ^  v w  /:u/viHU-iv)
— (,S4t«^4V4 0)  AXy^^\olx> 0
S i n c e  (15*25 )  ( U) a lw a y s  h o l d s  t h e  l a s t  t e r m  i s  n e g a t i v e
4  V )  OjLnn^"j^ 4  ( R 4 U 3  cl-». 4  T"/Iji/v-»'’ | 4  d  4  * ( l 5 * 2 ? )
> 0
( 3 )  C o n s i d e r  t h e  g e n e r a l  c a s e  o  ^ o  j o^ j 4  o . I t
i s  a s sumed  t h a t  ( 1 5 . 2 0 )  h o l d s .  I n  i t  i s  r e p l a c e d
by  W < ^  ) i  "by and  by  ^
t h e n
p AA/tx'^^U x4o<3) ^  S *^ Co^ 3 4 ^l) ^  -p" 4 dy )
0»''V^d3
4- u V 4. V rxA/vx‘^ ^C^3 ^  /:u^ ^W(s>ir ;> Q
. ( 1 5 . 2 8 )
0
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w h i c h  v/hen m u l t i p l i e d  by cjoo''*'x 4  g i v e s
[R Ux-^ ®^l) + U (^di- Wj]j 4  [s  A*m''' (^.d34d,) 4  V Ai/y,'^ ‘/vU3“*^>lj ^
4  \^\ w/v'^ A. W%4di  ^ 4 W rxwx''-:^  -  di*)^  X C3 » ® • ( l 5  • 29)
S i m i l a r l y  i n  ( 1 5 . 2 0 )  by r e p l a c i n g  byco-to^i®»! , i  oi-^  by  
orte/w i«^land *^ oi3 by cdboAv ^  o<3 th e  e q u a t i o n  becomes  a f t e r  
m u l t i p l y i n g  by Aun^^d, oi^ . >ow.H ®(3
(_R AV<x^  ^ <*î) 4  u  A(olx — ®^3 ) J/W*?“*L®^| 4  \% O J ^  '^ •^Vj4 4  V/W/A^lol]
4 - ^W%4 d i )  4  W ft4m'‘" i.(.d |- JL 0^ 3 > O
• 0 . ( 15 • 3 0 )
Add i ng  ( 1 5 » 29) and (15*30)  g i v e s
X l,®^v4 d j  ^ 4  U AAm'V 4  S  (.dj 4  d\) 4  V AA/n^  ^  (.t^ J "®fi )
4 -  I nkXA^ X (pi % 4  dv") 4* vd AWx^  t  W  ^  O
which  i s  t h e  i n e q u a l i t y  ( l 5 * 2 l ) .
I f  o t h e r  n e i g h b o u r s  th a n  th e  f i r s t  a r e  c o n s i d e r e d ,  t h e  
t h e o r e m  i s  n o t  an  a l g e b r a i c  o n e , b u t  de pen ds  on some g e n e r a l  
f e a t u r e  of  t h e  f o r c e  l a w .  I t  i s  o b v i o u s , t h a t  a s  l o n g  a s  
t h e  f o r c e s  be tv / een h i g h e r  n e i g h b o u r s  a r e  s u f f i c i e n t l y  s m a l l ,  
th e y  c a n n o t  d e s t r o y  t he  v a l i d i t y  o f  t h e  t h e o r e m ,  A d e f i n i t e  
c r i t e r i o n  h a s  n o t  b e e n  e s t a b l i s h e d  a s  ha s  b e e n  done i n  t h e  
c a s e  o f  a l i n e a r  l a t t i c e .
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16 .  STABILITY o f  RHOmOHEDRAL BRAYAIS LATTICES,
F o r  t h e  c a s e  o f  t h e  r h o m b o h e d r a l  l a t t i c e ,  t h e  p o t e n t i a l
e n e r g y  i s  t a k e n  t o  c o n s i s t  o f  two t e r m s .  The l a t t i c e  sum s,
o c c u r r i n g  i n  t h i s  s e c t i o n  a r e  more c o m p l i c a t e d  t h a n  t h o s e  i n
t h e  c a s e  o f  t h e  c u b i c  l a t t i c e .  Ho r i g o r o u s  a n a l y t i c a l  p r o o f
can  be  g i v e n  b u t  n u m e r i c a l  c a l c u l a t i o n s  h a v e  b e e n  made ( 1 7 )
a n d  t h e  r e s u l t s  a r e  g i v e n  h e r e .
The p a r a m e t e r  a i s  t a k e n  to  be  t h e  l e n g t h  o f  t h e  t h r e e
c e l l  v e c t o r s  and
^ a. Cxra S  » 0 • ( 16 « 1 )
w h e r e  8 i s  t h e  a n g l e  b e t w e e n  e a c h  o f  t h e  t h r e e  p a i r s .
I n  t h i s  c a s e ,  t h e  p o t e n t i a l  i s  t a k e n  a s  i n  e q u a t i o n  ( 1 4 . 2 1 ) .
The t o t a l  p o t e n t i a l  e n e r g y  i s
I  -  A 4- %  . . . ( 1 6 . 2 )
o f  a "
w h e re  t h e  l a t t i c e  sura i s  g i v e n  b y
^ aCs ) =■ 2l' [■«)■+1» + - t - a s A l l , I , ) ]  . . . ( 1 6 . 3 )
I f  io<j 4 i s  d e n o t e d  by  So , t h e  e q u i l i b r i u m  c o n d i t i o n s  a r e
ryy\ A
<V\ — *YV> SfYl Sn ^ ^
. . . ( 1 6 . 4 )
. . . ( 1 6 . 5 )
w h e r e  . . . ( 1 6 , 6 )
E q u a t i o n  ( 1 6 . 5 )  c a n  be  w r i t t e n  i n  t h e  f o r m
=• o . . . ( 1 6 . 7 )
W r i t e  • . . ( 1 6 . 8 )
orva
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Then e q u a t i o n  ( 1 6 . 7 )  r e d u c e s  t o
c 'C s)  = o  . . . ( 1 6 . 9 )
By c o m p a r i n g  t h e  c o n d i t i o n s  t h a t  c t s )  a n d  ^ ( . S j So) m u s t
s a t i s f y  f o r  maxima a n d  m in im a i t  i s  f o u n d  t h a t  i f  
[c"  (_%)], > o
/ \  > o and  f Ü  .^ 1 1  _  ( V] > o
V. ^  SÏ 4  L a-s' ^3= \ a s  J ,
t h e n
 ^  i  'O
i . e .  t h e  p o t e n t i a l  e n e r g y  h a s  a  minimum v a l u e  when CU) h a s  a  
minimum. I f  ( . S < o  , h o w e v e r ,  d o e s  n o t  h a v e  a
maximum, s i n c e  ^  ^^  » a.nd t h e  p o i n t  m us t  t h e r e f o r e  be a
s a d d l e  p o i n t .  The f u n c t i o n  c C s )  i s  t h e r e f o r e  s u f f i c i e n t  
t o  c h a r a c t e r i z e  t h e  b e h a v i o u r  o f  t h e  p o t e n t i a l  e n e r g y  w i t h  
r e s p e c t  to  t h e  s t a b i l i t y .
I n  o r d e r  t o  a v o i d  n o n - i n t e g r a l  e x p o n e n t s  o f  l a t t i c e  sums 
t h e  f u n c t i o n  f U )  i s  u s e d ,  v/here
f i t )  '  . . . ( 1 6 . 1 0 )
The e x t r e m e s  o f  and  cls) o c c u r  a t  t h e  same p o i n t s  a nd
h a v e  t h e  same c h a r a c t e r  s i n c e
C'U), ; . . . ( 1 6 . 1 1 )
B e f o r e  a p p l y i n g  t h e s e  s t a b i l i t y  c o n d i t i o n s ,  some o f  t h e  
p r o p e r t i e s  o f  a r h o m b o h e d r a l  l a t t i c e  a r e  g i v e n .  As i n  
p r e v i o u s  work  t h e  l a t t i c e  v e c t o r s  a r e  t a k e n  a s  a . ,  9^  ^ 9? and  
t h e  l a t t i c e  p o i n t s  a r e  g i v e n  by
X. tO  % -t» Û, 4 9^ 4  -^ 3 9]
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The same l a t t i c e  p o i n t s  c a n  b e  r e p r e s e n t e d  a s  t h e  p o i n t s  
o f  a  s i m p l e ,  a  f a c e - c e n t r e d  o r  a  b o d y - c e n t r e d  l a t t i c e .  To 
show t h i s ,  t h e  f o l l o w i n g  n o t a t i o n  i s  u s e d
 ^ j i l  t a k e  a l l  i n t e g r a l  v a l u e s .
0+ a r e  e i t h e r  a l l  e v e n ,  o r  one i s  e v e n
a n d  two a r e  odd*
P 0^  a r e  e i t h e r  a l l  e v e n  o r  a l l  odd
• • * ( 1 6 , 1 2 )
T h e s e  r e s t r i c t i o n s  c a n  b e  e x p r e s s e d  b y  w r i t i n g
( i )  A  4  1
( i i )  -*3 - -^ 3 ■^3^ =■
( i l l )  = - i i + W j  C  -  i t  J
Then one a n d  t h e  same l a t t i c e  p o i n t  c a n  b e  r e p r e s e n t e d  i n  
t h r e e  w a y s : -
(1 )  e i t h e r  a s  a s i m p l e  l a t t i c e  w i t h  l a t t i c e  v e c t o r s
a, Qx ^3
(2 )  o r  a s  a f a c e - c e n t r e d  l a t t i c e  w i t h  l a t t i c e  v e c t o r s
.  { ( - S ,  +  S v  +  9 3 )  g j "  :  +  9 3 )  9 3  =  S 3  -  * 3 )
( 3 )  o r  a s  a  b o d y - c e n t r e d  l a t t i c e  w i th  l a t t i c e  v e c t o r s
93) 3^' -  i l S a  + 9 .)  a f  = i ( .9 .+  at) . . . ( 1 6 . 1 3 ) ^
C o n s i d e r  now t h e  s p e c i a l  c a s e  o f  t h e  r h o m b o h e d r a l  
l a t t i c e : -
3 .. = 9& 9 i  = 93 93 = ~) • . . ( 1 6 . 1 4 )
9 a  @3 = 03 • 9i - 9■^ 3 â x  = <£• 0)0 e
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Then i t  f o l l o w s  t h a t  w i t h  ( 1 6 . 13 ) ( i i )  o r  ( 1 6 . 13 ) ( i i i )  t h a t  
CL,f  ^ a f   ^ o r  0.3' ^  f o r m  a r h o m b o h e d r a l  l a t t i c e
w i t h  s i d e  out o r  w i t h  a n g l e  8"^  o r  8 ^  r e l a t e d  t o  
a n d  8: b y
+ ^ 2: 3^-^S~Ou
Ou J lO + a )
. . . ( 1 6 . 15)
© ' \ 4 i s
a.0+^)
How i f  t h e  r h o m b o h e d r a l  a n g l e  i s  c h a n g e d ,  t h e n  t h e  l a t t i c e  
p a s s e s  t h r o u g h  t h r e e  p a r t i c u l a r  c o n f i g u r a t i o n s ,  n a m e ly  t h o s e  
w h e re  e i t h e r  t h e  s i m p l e  l a t t i c e  o r  t h e  f a c e - c e n t r e d  l a t t i c e  
o r  t h e  b o d y - c e n t r e d  l a t t i c e  i s  c u b i c .  A p a r t  f r o m  t h e s e  
w e l l - k n o w n  l a t t i c e s  t h e r e  a r e  tv/o d e g e n e r a t e  l a t t i c e s ,  
n a m e l y : -
t h e  l i n e a r  c a s e  cO ^ » I . ( 1 6 . 1 6 )
t h e  p l a n e  c a s e  I f )  "S * -
The w h o le  s e t  o f  p o s s i b l e  r h o m b o h e d r a l  l a t t i c e s  c a n  be 
r e p r e s e n t e d  a p a r t  f r o m  t h e i r  a b s o l u t e  d i m e n s i o n s ,  i n  t h e  
e q u i v a l e n t  S - s c a l e s ,  c h o o s i n g  t h e  -S s c a l e  a s
e q u i d i s t a n t .  The f i v e  l a t t i c e s  a r e  i n d i c a t e d  by  v e r t i c a l  
l i n e s  5 t h e  t h r e e  d i f f e r e n t  s c a l e s  a r e  r e p r e s e n t e d  b y  
h o r i z o n t a l  l i n e s .
.................................... 0 ......................- - h
- 0
- 8 I -
The b e h a v i o u r  o f  t h e  f u n c t i o n  must  now be  d i s ­
c u s s e d ,  s i n c e  t h i s  g i v e s  t h e  s t a b i l i t y  f o r  c h a n g e s  i n  t h e  
r h o m b o h e d r a l  a n g l e .
The n o t a t i o n  j U )  i s  u s e d  f o r  t h e
sum ) d e f i n e d  b y  ( 1 6 . 3 ) ,  o f  t h e  i n d i c e s  -8.\, 4.%
r e s t r i c t e d  t o  one o f  t h e  t h r e e  l a t t i c e s  -f, o r  ^
Then
c V j K  U ' ^  s+)r '^”  X ^  (3- . . . ( 1 6 . 1 7 )
I f  nn ^  e q u a t i o n  ( 1 6 . 1 0 )  g i v e s
4 i s )  .  . . . ( 1 6 . 1 8 )
Then t h e  a d d i t i o n a l  f a c t o r s  i n  ( 1 6 . 1 7 )  d i s a p p e a r  and
- + ‘n s + )  - . . . ( 1 6 . 1 9 )
w h e re  t h e  d e f i n i t i o n  o f  t h e  f u n c t i o n s  i s  e v i d e n t .  How e a c h
o f  t h e  f u n c t i o n s  h a s  an ex trem um  i f  t h e  a r g u m e n t  v a n i s h e s .
T h i s  f o l l o w s  f r o m  t h e  f a c t  t h a t
S :  Lo) .  °  . . . ( 1 6 . 2 0 )
f r o m  sym m etry  f o r  a l l  t h r e e  l a t t i c e s .  Hence  s i n c e
c ' U  )
_  Sm . . . ( 1 6 . 2 1 )
4X Sm nrx Sr;
i t  f o l l o w s  t h a t  t h e  t h r e e  c o r r e s p o n d i n g  f u n c t i o n s  c ' i  - o 
f o r  ^  r o and  t h e r e f o r e  t h e  same h o l d s  f o r  t h e  t h r e e  
f u n c t i o n s  -f'Cî).
I n  v i r t u e  o f  t h e  r e l a t i o n s  b e t w e e n  t h e  t h i s  c a n
a l s o  b e  e x p r e s s e d  a s  a  p r o p e r t y  o f  t h e  ) a l o n e ,  n a m e ly
t h a t  i t  h a s  t h r e e  e x t r e m e s ,  a t  % % . To f i n d  w h e t h e r
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t h e s e  a r e  maxima o r  m inima c o n s i d e r  t h e  f u n c t i o n  . The
c r i t e r i o n  f o r  a minimum i s
*1
X  J -  ^  . . . ( 1 6 . 2 2 )
^  am
i . e .  t h a t  t h e  f u n c t i o n  - S„U) i n c r e a s e s  m o n o t o n i c a l l y
in(°)
w i t h  'n. .
T h i s  f u n c t i o n  r l^o) i g  c o n n e c t e d  v / i t h  Cr\) ( 1 4 . 3 0 ) 
s i n c e  *^^1 0 c tn+x) (n)
T h e r e f o r e  p o s s e s s e s  t h e  f o l l o w i n g  p r o p e r t i e s : -
“BCn) i n c r e a s e s  m o n o t o n i c a l l y  f o r  t h e  l a t t i c e s  C^fO an d  l-(r) 
and  d e c r e a s e s  f o r  t h e  l a t t i c e  (A) . T h i s  shows t h a t  
h a s  m in im a  a t  L-|.l and  6W and  s i n c e  U) l i e s  b e t w e e n  them  i t  
m u s t  be  a  maximum. I f  i t  i s  now a s su m e d  t h a t  a p a r t  f r o m  t h e  
e x t r e m a l  p o i n t s  , W ,  l-W t h e r e  a r e  no o t h e r s  t h e n  t h e  
s h a p e  o f  t h e  c u r v e  fCs) i s  q u a l i t i v e l y  d e t e r m i n e d .
( s e e  f i g ,  1 1 ) .  T h e r e  i s  no a n a l y t i c a l  p r o o f  t h a t  t h e r e  a r e  
no o t h e r  e x t r e m a l  p o i n t s .  T h i s  f u n c t i o n  h a s  b e e n  c a l c u l a t e d  
n u m e r i c a l l y  f o r  a s e t  o f  p o i n t s  a n d  t h e  c u r v e  o b t a i n e d  c o n ­
f i r m s  t h e  a s s u m p t i o n .  The v a l u e s  o f  t h e  f u n c t i o n  a r e  g i v e n  
b e l o w  f o r  m, 6 , _
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T h e r e f o r e  n u m e r i c a l  c a l c u l a t i o n s  have  shown t h a t  no 
rh o m b o h e d ra l  l a t t i c e ,  a p a r t  f rom  th o s e  w i t h  cub ic  sy m m etr ie s  
have  e q u i l i b r i u m  c o n f i g u r a t i o n s .
I n  s e c t i o n  14 i t  was shown t h a t  o n ly  th e  f a c e - c e n t r e d  
l a t t i c e  i s  c o m p l e t e ly  s t a b l e ,  the  b o d y - c e n t r e d  l a t t i c e  b e i n g  
s t a b l e  o n ly  f o r  s m a l l  e x p o n e n t s  o f  th e  a t t r a c t i v e  f o r c e s .
T h i s  can  be  shown a l s o  by  w o rk in g  ou t  th e  r e l a t i v e  minima o f  
So) f o r  t h e  two l a t t i c e s ,  and showing t h a t  th e  
minimum f o r  th e  If) l a t t i c e  i s  r e l a t i v e l y  low er  t h a n  t h a t  
o f  t h e  W  l a t t i c e .
T hese  v a l u e s  come d i r e c t l y  f ro m  th e  c u rv e  . F o r ,
f rom  th e  d e f i n i t i o n  of  ?  {,% So) ( 1 6 .2 )  u s i n g  e q u i l i b r i u m  
e q u a t i o n s  ( 1 6 .4 )  and ( 1 6 .5 )
A ,  o -5 > 0
A lSv.CS)].
and s i n c e  f rom  th e  c u rv e  lo) ^ (-1 )
i t  fo l lov^s  t h a t  t h e  a b s o l u t e '  minimum o f  th e  s u r f a c e  f  CSj
f o r  t h e f d a t t i c e  i s  low er  t h a n  t h a t  o f  th e  iH) l a t t i c e .
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1 7 * FORMULATION o f  t h e  STABILITY COHDITIOHS f o r  an 
ARBITRARY LATTICE.
I t  i s  p o s s i b l e  to  g e n e r a l i s e  t h e  method u s e d  i n  d i s c u s s ­
i n g  th e  s t a b i l i t y  o f  rh o m b oh ed ra l  l a t t i c e s .
L e t  Si  Si be th e  i  p a r a m e t e r s  which  d e t e r m i n e  t h e
shape  o f  th e  c e l l ,  where I-*. , w i t h  M e q u a l  to th e
number o f  p a r t i c l e s  i n  the  c e l l .
The f o r c e  law
cffr') » — o . , ( 1 7 * l )
i s  assumed a nd ,  i n  t h i s  c a s e ,  a s  b e f o r e  th e  t o t a l  p o t e n t i a l  
e n e r g y  i s
f  ,  _ A S., . . . ( 17 . 2 )
where  t h i s  t i m e ,  the  l a t t i c e  sum i s  a f u n c t i o n  o f  t h e
v a r i a b l e s  § i , So.  S*i • The e q u i l i b r i u m  c o n d i t i o n s  g iv e
. . . ( 17 . 3 )
m A S<v,
UO - nmn i.
Where ^ 11^ . . . ( 1 7 * 4 )
BSi
W r i t i n g  .. - ^  io<^  -  4  iocj . . 0( 17 , 5 )
e q u a t i o n s  ( 17*3 ) ( ü )  become
( c ü '   S u ) )  = 0  • • * ( T 7 * 6 )
The e q u a t i o n s  (17*3) g i v e  a l l  p o s s i b l e  e q u i l i b r i u m  s h a p e s .
I t  must now be shown t h a t  e a c h  minimum o f  cCs»-. .  St) c o r r e s ­
pon ds  u n i q u e l y  to  a minimum of  t h e  f u n c t i o n  ^  I s , . . -
The seco n d  d e r i v a t i v e s  a t  t h e  e x t rem e  p o i n t s  a r e  g iv e n  by
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( i )  îoo  '  -ô U"'*" ;> O
( i i )  5oc = !« .  - ( ^ | ^ 2 c l  "  ^•"-"')'i(.eT^° V - X  'y - - ( 1 7 . 7 )
(111)  i ,  -
The s t a b i l i t y  c o n d i t i o n s  a r e  t h e  c o n d i t i o n s  t h a t  t h e
q u a d r a t i c  fo rm
"ÎLo =^ » + 1  Îio +  Z  ?<.! -*- Z  - . ' ( 17 . 8 )
t J '  t  * '
s h o u l d  be p o s i t i v e  d e f i n i t e  f o r  a l l  r e a l  v a l u e s  of 
D i v i d i n g  by ^oo which  i s  p o s i t i v e ,  (17*8) becomes
Oto' -t Z OCc V Z- Faj + Z  S  *<-=^ 4 . ' . ( 17 . 9 )
where ( i )  ^  ^
\  nnSn A
. . , ( 17 . 10 )
-  c i r l " -V Z D I Sm 'nS
b iü - 1
Ti n Jo
By a w e l l -k n o w n  th e o re m ,  the  n e c e s s a r y  and s u f f i c i e n t  c o n ­
d i t i o n s  t h a t  ( 17 . 9 ) i s  p o s i t i v e  d e f i n i t e  a r e
where
Gu > o e t c . . . . ( 17*11 )
FuL ^  Fq* Kl^  - -^ d ^  ' ‘M ’ 0^
,  —!— . ( J - % — A
nr\- 'm V ^ SI ° S y ,  
S in c e  *v%- fA>o ^  and
( —V»2l as,
. . . ( 17 . 12 )
c .
17 . 11) i s e q u iv a l e n t to
c„  > 0 c. Cx > 0 e t c . . . . ( 17 . 13 )
Cxi Oai
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i . e .  to  th e  c o n d i t i o n s  t h a t  th e  q u a d r a t i c  fo rm
I I  C., . . . ( 1 7 . 1 4 )
s h o u l d  he p o s i t i v e  d e f i n i t e .
T h e r e f o r e  t h e  s h a p e s  o f  th e  l a t t i c e s  a t  s t a b l e  
e q u i l i b r i u m  p o s i t i o n s  a r e  g iv e n  by the  minima o f  th e  f u n c t i o n  
C i n t r o d u c e d  h e r e .  T h is  i s  q u i t e  i n d e p e n d e n t  o f  th e  s i z e  
o f  th e  c e l l  m easu red  by So •
- 8 8 -
l 8 .  MOHATOmC HEXAGONAl LATTICES.
F i n a l l y ,  the  s t a b i l i t y  o f  two h e x a g o n a l  l a t t i c e s  i s  
c o n s i d e r e d .  The forms o f  th e  l a t t i c e  sums o b t a i n e d  i n  
s e c t i o n  6 a r e  o b t a i n e d  i n  a c o n v e n i e n t  fo rm  a n d . a r e  a p p l i e d  
to  th e  monatomic h e x a g o n a l  l a t t i c e  ( s e c t i o n  19 ) and t h e  
c l o s e - p a c k e d  h e x a g o n a l  l a t t i c e  ( s e c t i o n  2 0 ) .
I t  i s  c o n v e n i e n t  to  a r r a n g e  th e  te rm s  i n  th e  l a t t i c e  
sums ( 6 . 5 ) and ( 6 . 7 )  a c c o r d i n g  t o  th e  d i s t a n c e .  L e t
tJLkO  ^ . . . .  . . . ( 18 . 1 )
be a l l  t h e  d i s t a n c e s  o f  a p o i n t  o f  th e  k i n d  ^  f rom  a l l  t h e
p o i n t s  o f  th e  k i n d  -A’ o c c u r r i n g  i n  th e  l a t t i c e ,  i n  i n c r e a s ­
in g  o r d e r .  The s e t  o f  a l l  p o i n t s  on a  s p h e r e  o f  r a d i u s  
C*Ui') i s  c a l l e d  a s h e l l  ‘ L e t  be t h e
number o f  p o i n t s  i n  the  s h e l l  [Wi') and v / r i t e
'  r « * U . )  . . . ( 1 8 . 2 )
D, 1 % ' )  ■ z  ‘ - U ' . . )  - ' t i v )
where th e  summations a r e  e x te n d e d  o v e r  a l l  p o i n t s  o f  t h e  
s h e l l .  The v a l u e s  i n  th e  s h e l l  t M ‘) o f
^  • . • « ( l 8 - 3 )
a r e  d e n o te d  by 1 ^ 0  j tkk') .........
Then the  p o t e n t i a l  e n e rg y  i n  e q u i l i b r i u m  and th e  
c o e f f i c i e n t s  o f  i t s  e x p a n s io n  ( 6 , 5 )  and ( 6 . 7 )  can  be w r i t t e n :
-8 9 -
io . I  Z h') AftkM
if) =
0  • " ^  Z 1, I* *')
(yO a) =
" :  z  I* .;;)
I t  ; ) . « ;  4  It p
A 4 A'
Here th e  i n d i c e s  p c  c o r r e s p o n d  t o  th e  p a i r s  
a c c o r d i n g  t o  t h e  r u l e  ( 4 . 2 6 ) .
These  fo r m u la  a r e  a p p l i e d  to  th e  two c a s e s  o f  h e x a g o n a l  
monatomic l a t t i c e s ,  t h e  B r a v a i s  and th e  c l o s e - p a c k e d  l a t t i c e
U - ' ’ “ A
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F i g ,  4 The C lo se -P a c k e d  Hexagonal  L a t t i c e
The o r e p r e s e n t s  th e  p r o j e c t i o n s  o f  th e  p o i n t s  -fe* o , t h e  
o r e p r e s e n t  th e  p o i n t s  -k= i . The d i s t a n c e s  of  th e
fo rm e r  i n  th e  p l a g e  a r e ,  Î3 a , .........  anè v-Ke d.si-anc&s
-p\ane.s con t" o % o QTe e, 1c.........
B o th  can he  r e f e r r e d  to th e  same sys tem  o f  a x e s :  and
o f  e q u a l  l e n g t h  c l  d e te rm in e  a p l a n e  h e x a g o n a l  n e t ,  and Q.3 
i s  o r t h o g o n a l  to  them. I f  th e  - a x i s  c o i n c i d e s  w i t h  a, 
and the  - a x i s  w i t h  ^3
a, =. Cq. o, o)  ; S'.  ^ (.1 «.j ^  J o) ■ 0 .3  ^ Co,o,c.) . . . ( 1 8 .5 )
T h is  c e l l  c o n t a i n i n g  one p a r t i c l e  ( a t  th e  o r i g i n )  c o n s t i t u t e s  
th e  B r a v a i s  l a t t i c e  ( s e e  f i g ,  3 ) .  The c l o s e - p a c k e d  l a t t i c e  
( s e e  f i g .  4) i s  o b t a i n e d  by i n t r o d u c i n g  two p a r t i c l e s  ^=^0 
and -k - I w i t h
% C o j  O j 0)  A “^ 0 )  ‘d )  . . . ( 1 8 . 6 )
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and c h o o s in g  gl  and c .  i n  such  a way t h a t  a l l  d i s t a n c e s  of  
f i r s t  n e ig h b o u r s  a r e  e q u a l .  The l a s t  a s s u m p t io n  i s  o m i t t e d  
and a l l  v a l u e s  of <x and c a r e  a d m i t t e d .  Then,  b o t h  
l a t t i c e s  can  be t r e a t e d  s i m u l t a n e o u s l y  and f o rm u la  f o r  th e  
B r a v a i s  c a se  o b t a i n e d  by o m i t t i n g  th e  p o i n t  .
The c o o r d i n a t e s  of the  l a t t i c e  p o i n t s  i n  2L » a r e  by (p.-xi)
r ii)  = i?) ■> r i f ) - u ' - 18 . 7 )
and t h e  r e l a t i v e  p o s i t i o n  v e c t o r s  of th e  l a t t i c e  p o i n t s ,  i n  
S , a r e
. o(.. ( 18 . 8 )
^ V o )  1 + 1 ]
I n  o r d e r  to  d e te r m in e  th e  s h e l l s  lo, and th e
n e t  p l a n e  Ix'acl) i s  c o n s i d e r e d .  ( s e e  f i g ,  4 ) ,  The r a t i o  o f  
t h e  a x es  i s
I  * 7 a  . . . ( 1 8 . 9 )
S p a t i a l  d i s t a n c e s  a r e  now formed and a r e  w r i t t e n  i n  t h e  o r d e r  
i n  which th e y  a p p e a r  i n  th e  i d e a l  c l o s e - p a c k e d  l a t t i c e  where 
=. . I n  t h e  B r a v a i s  l a t t i c e  ha s  no a p r i o r i
v a l u e :  b u t  i f  i t  i s  c o n s i d e r e d  to  be b u i l t  f rom  e q u a l  r i g i d
s p h e r e s  j" \ . Then th e  o r d e r  o f  t h e  s h e l l s  would be
d i f f e r e n t .  To show t h i s ,  t h e  l a s t  two l i n e s  a r e  added i n
th e  t a b l e ,  which  c o n t a i n s  th e  q u a n t i t y
- 9 2 -
^ f o r
To Co, o) /







I t  i s  c o n v e n i e n t  to t a k e  t h e s e  i n t e g e r s  a s  th e  i n d e x  .)& ,
i n s t e a d  of  t h e  c o n s e c u t i v e  numbers    f o r  t h e y  make
t h e  o r d e r  o f  te rm s  o b v io u s .
C o n s i d e r  now th e  d i s t a n c e  ;
on th e  tx ' jx ’-) p l a n e  a r e
^   ^ F F  ^ r r  l y  ..........
and t h e  c o n s e c u t i v e  p l a n e s  a r e  a t  d i s t a n c e s
t h e i r  p r o j e c t i o n s
1 = , . .
Thus th e  f o l l o w i n g  t a b l e  i s  o b t a i n e d ; -
'r. C'l o ) /, I W -  I h i V
15-
Now th e  c a r t e s i a n  c o o r d i n a t e s  of  a l l  p o i n t s  b e l o n g i n g  t o  a 
g i v e n  s h e l l  can  be d e t e r m i n e d  and t h e  sums ( l 8 . 2 ) can be 
f o u n d .  T h is  t a s k  can be s i m p l i f i e d  by d e t e r m i n i n g  t h e  
i d e n t i t i e s  b e tw een  th e  q u a n t i t i e s  V , w h ich  f o l l o w  f rom
- 9 3 -
t h e  symmetry of  t h e  l a t t i c e ,  F i g .  shows t h a t  e a c h  s h e l l  
p e r m i t s  t h e  f o l l o w i n g  t r a n s f o r m a t i o n s  i n t o  i t s e l f ; -  .
‘i '  s -  ac' âL* e zc' % - -  0
^  r «?- i ’- = ^  . . . ( 18 . 10 )
e  3c? s  -  at? = « ?
c o r r e s p o n d i n g  to  th e  symmetry p l a n e s  % o - o and to
t h e  t h r e e f o l d  a x i s  o f  symmetry ( o - o  )•
From t h e  f i r s t  two t r a n s f o r m a t i o n s  i t  f o l l o w s  t h a t  a l l  
th e  >> I t  f o r  w h ic h  an odd number o f  ..
a r e  e q u a l  t o  one o r  t h r e e .  From th e  t h i r d  t r a n s f o r m a t i o n
^ u \ \ ) ‘ - ' ■ t  . , . ( 18 . 11)
H 3 * L-“ ; j  M t î ' i J -
a r e  o b t a i n e d .  TABLE X c o n t a i n s  th e  l o w e s t  i n d e p e n d e n t  n o n ­
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19 . TESTABILITY o f  t h e  KEXAGQUAL LATTICE,
I n  t h i s  c a se
5^ ^ + tCx] 4- U)X3
3 + U3')xJ-
4. l\ t  4 îllCjXj 4- .
where th e  C/><r) a r e  i d e n t i c a l  w i t h  V o i g t ’ s e l a s t i c  c o n s t a n t s  
( 5 « 1 0 ) ,  The e q u i l i b r i u m  c o n d i t i o n s  a r e  ( w i t h  "83 - "^«ÇCh) )
i^') Z. Wû>L^Û3 ^  0 6 3  +  b 8 b  »  3 * 0  1 M q o N
U'> = IWalofij + » 084 + . - ' 1 = 0
I f  o n ly  t h e  l o w e s t  t e r m s  a r e  t a k e n  i n t o  a c c o u n t
"Bj .  -t5<pw ^ 0  3 ) = "b ifqcL) =0  . . . ( 19 . 3 )
These  e q u a t i o n s  a r e  o n ly  c o m p a t ib l e  i f  "g: % | . I f  h i g h e r
n e i g h b o u r s  a r e  n o t  n e g l e c t e d  w i l l  be  s l i g h t l y  d i f f e r e n t  
f ro m  u n i t y .
Eor the  i n v e s t i g a t i o n  o f  s t a b i l i t y  i t  i s  n o t  n e c e s s a r y  
t o  c o n s i d e r  a l l  t h e  c^ <r ? f o r  i t  i s  o b v io u s  t h a t  t h e  l a t t i c e  
i s  u n s t a b l e  i f  one o f  th e  s q u a r e d  te rm s  i s  n e g a t i v e .
ITow from  TABLE X u s i n g  ( l 8 . 4 )
C\) 3) - U '%%)
t  Na'* ( 0 C 3  V 0C3  4  <3^^ ("b +  OCq - V •  ^ ^ ^
S in c e  th e  c o e f f i c i e n t s  o f  t h e  l o w e s t  te rm s  v a n i s h ,  Cis
w i l l  be  n e g a t i v e ,  f o r  any  r e a s o n a b l e  law o f  f o r c e ,  as  shown 
i n  s e c t i o n  14.  I n d e e d ,  C3 and d e n o te  v a l u e s  o f  'D^cfW
-96-
a t  d i s t a n c e s  i n  t h e  r a t i o  I ; ; t h e r e f o r e  C^, <• o.
The h e x a g o n a l  B r a v a i s  l a t t i c e  i s  u n s t a b l e ,  a s  i s  
e x p e c t e d  f rom  i t s  l o o s e  s t r u c t u r e .
-97"
20. STABILITY o f  t h e  HEXAGONAL CLOSE-PACKED LATTICE.
Two k i n d s  o f  q u a n t i t i e s  a r e  d i s t i n g u i s h e d  
 ^ c o r r e s p o n d i n g  to  s h e l l s  tojo)^ o r  U
i c o r r e s p o n d i n g  to  s h e l l s
. . . ( 20 . 1 )
Then f o r  t h e  n o n - v a n i s h i n g  q u a n t i t i e s  ( 1 8 .4 )
m N + bA3 4- bAi + a  A, 4- 4 - . .  ] . . . ( 2 0 . 2 )
(\) .  f^op\.3Ô3 4  ^  4  + \ k 6 s  + bGu + '  . . . ] 1
W = Na-Tt I  63 + 1 + t a ?  + Î  8<| 3 [ . . . ( 2 0 . 3 )
T> s  i ^ w)  ~ YV OL* ^  4- 4- u c i  4-
Q = + % Ct + aCy 4. 3^ c,{ +-iac„-- j
+ ac„ . . . ]  J . . ( 2 0 . 4 )
. . . ( 2 0 . 5 )
V) - l U ) Na'-j I i ' I c J ] . . . ( 2 0 . 6 )
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The l a s t  two e x p r e s s i o n s  a r e  o b t a i n e d  by  u s i n g  th e  r e l a t i o n  t)* n) 
w h ich  g i v e s  h e r e
c ,  : ) •  - l i ? )  II ; )  • - a  ° )
The e q u i l i b r i u m  c o n d i t i o n  l e a d s  to
s, o Ci) -  o . . .  ( 20 • 7 )
I f  o n ly  th e  l o w e s t  te rm s i n  ( 2 0 .3 )  a r e  t a k e n  i n t o  a c c o u n t  
t h i s  means
I 3 o %  = . . . ( 20 . 8 )
These two a r e  o n ly  c o m p a t i b l e ,  i f  and o n ly  i f
i  3
The e n e rg y  o f  d e f o r m a t i o n  i s
-V- -V
4  U (-x»qx -V- 4  \  (v  4  Wqj^) • • • ( 2 0  . 9 )
where i s  r e p l a c e d  by
The c o n d i t i o n s  w hich  must  be s a t i s f i e d  i f  t h i s  i s  to  be 
p o s i t i v e  d e f i n i t e  a r e
R >  Oj VO >Oj  o ,  ^ P Q  -  > o  - 3 L f > ü  * ' . ( 2 0 . 1 0 )
I f  a l l  t h e  te rm s e x c e p t  C3 and a r e  n e g l e c t e d ,  t h e s e
r e d u c e  to  C3 > o C3 • > o . . . ( 20 . 11 )
w h ich  a r c  s a t i s f i e d .
Hence th e  h e x a g o n a l  c l o s e - p a c k e d  l a t t i c e  i s  s t a b l e .
I f  th e  e l a s t i c  c o n s t a n t s  a r e  now c a l c u l a t e d ,  i t  i s  s e e n  
t h a t  th e  e x i s t e n c e  o f  i n t e r n a l  s t r a i n  components  d e s t r o y s  th e  
Cauchy r e l a t i o n s .
-99"
The i n t e r n a l  s t r a i n  i s  e l i m i n a t e d  by u s i n g  th e  e q u a t i o n s
i l l -  ^ u ( . = ' v - a ? v  ^  . . . ( 2 0 . 1 2 )
Hence s u b s t i t u t i n g  i n  t h e  e x p r e s s i o n  f o r  t h e  e x p r e s s i o n s
f o r  th e  e l a s t i c  c o n s t a n t s  a r e
c% = j t  i T i  * Q  ^ . . . ( 2 0 . 1 3 )
com paring  w i t h  th e  e q u a t i o n  Oo-O.
I n  t h i s  ca se  th e  two p o s s i b l e  Cauchy r e l a t i o n s  a r e  
Cv3  Ï  - Ctk. The f i r s t  i s  s a t i s f i e d ,  th e  second  g i v e s
5c,^_c„ .  o b u t  f rom  ( 20 . 13)
-  C.U =.
V
I f  o n ly  n e x t  n e ig h b o u r s  a r e  t a k e n  i n t o  a c c o u n t  t h e  e l a s t i c  
c o n s t a n t s  a r e  g iv e n  by
c„ - y  Na-Cj C3 C.  .lWa„C3 _
Cv*^  T %. i  fO C3
I n  t h i s  case  t h e  f o u r  c a s e s  a r e  i n  c o n s t a n t  r a t i o
c„ : C,^  ; C , J  a  31 •. iq  •. II S’ . . . ( 2 0 . 1 ? )
The e l a s t i c  c o n s t a n t s  f o r  b e r y l  have been  f o u n d .  T h e i r
r a t i o  i s
C^ 3  ' C„ C,% C, 3  % ï & ' b  : b % M b - ^
and
Cu -  <r C- 3 3  =L aq.  I  ^ A t o  f ' l l f  , <-un - 6 . 6 6
.T hese  v a l u e s  s a t i s f y  c l o s e l y  c,j z Cucy ? P-nd th e  r e s u l t s  seem 
t o  i n d i c a t e  t h a t  th e  main f e a t u r e s  o f  c r y s t a l  e l a s t i c i t y  can  
be a c c o u n te d  f o r  by v e ry  p r i m i t i v e  m e th o ds .
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21. LATTICE VIBRATIONS
R e t u r n i n g  t o  the  g e n e r a l  c a se  i n  which  th e  c r y s t a l  i s  
d e f i n e d  u s i n g  the  l-k t) i n t r o d u c e d  i n  s e c t i o n  2 i n s t e a d  o f  
th e  A o n l y ,  th e  dynam ica l  m a t r i x  has  e le m e n t s  o f  t h e  form
w hich  a r e  s y m m e t r i c a l ;  f o r  »^ Tom f o l l o w s  t h a t
•  V U ‘ J
The e l e m e n t s  b e l o n g i n g  to the  same v a l u e s  of  ik l)  and Ua l^') 
b u t  a l l  c o m b in a t io n s  o f  =* '^^3 can  be c o l l e c t e d  
t o g e t h e r  i n t o  s u b - m a t r i c e s  L ^ ) o f  o r d e r  3-*3 , where
(.h) 1^3 (.i-bO
(U ) Ub')| . . . ( 2 1 . 3 )
(h') "^31 Ih') t-kb'j
and t h e s e ,  a g a i n  may be r e g a r d e d  a s  s u b - m a t r i c e s  o f  o r d e r
where
M l )
x ; . )  = ( ,* . )  ■■■■ T) (.n)
3  ( in )
. . .
. . . ( 2 1 . 4 )
■ ^ u . )  ^ u h )  .......................
The r e d u c e d  d i s p l a c e m e n t s  d e f i n e d  by  ( 1 .3 6 )  a r e  now 
^{ ,1 )  - ^ 1%)
. . . ( 21 . 5 )
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and th e  second  o r d e r  te rm s o f  th e  p o t e n t i a l  e n e rg y  i n  t e rm s  
o f  t h e s e  i s
5 . -  t z  I  z
t'vb' «<4
The e i g e n - v e c t o r s  and e i g e n - v a l u e s  a r e  d e n o te d  by  & ,  wL%) ;
t h e y  s a t i s f y  e q u a t i o n  ( 1 . 39 ) which now r e a d s
. . . ( 2 1 . 7 )
The c h a r a c t e r i s t i c  p r o p e r t y  of a l a t t i c e  i s  t h e  f a c t  
t h a t  t h e  e le m e n t s  of D depend o n ly  on the  d i f f e r e n c e  -C-t‘ ,
I t  has  the  consequence  t h a t  & (X I Ik) can be s p l i t  i n t o  two 
f a c t o r s  one o f  which r e p r e s e n t s  a wave.  The i n d e x  T  can  be 
decomposed i n t o  the  two i n d i c e s  3^ 0^  , th e  l a t t e r  b e i n g  th e  
v e c t o r  ^  , t h e  p o s i t i o n  v e c t o r  i n  r e c i p r o c a l  s p a c e .  I n  
v i r t u e  of  th e  i d e n t i t y ^  t h i s  f a c t o r i z a t i o n  o f  can  be
w r i t t e n  i n  two form s
Ç ( J  i i )  '  . . . ( 21 . 8 )
and th e  e i g e n - f r e q u e n c y
oo(jl) s. u3 ^  J  o . . ( 2 1 , 9 )
The a c t u a l  v a l u e s  of th e  components  o f  cy f o l l o w  f rom  
th e  c y c l i c  boundary  c o n d i t i o n  which i m p l i e s  t h a t  i f  i s
r e p l a c e d  by 4*4 L th e n  U q )  i s  i n c r e a s e d  by an  in te g e r  ^  
hence
I L n  L . , . ( 21 . 10)
<5, .  +'/j_ Q i =  = +3 /^
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T h e r e f o r e  th e  p o s s i b l e  v a l u e s  o f  a r e  th e  p o i n t s  o f  a m ic r o ­
l a t t i c e  i n  r e c i p r o c a l  s p a c e ,  d i v i d i n g  i t s  c e l l  i n t o  M s i m i l a r  
o n e s .  I f  W i s  l a r g e  (hence  L - l a r g e )  t h e s e  p o i n t s
f i l l  t h e  c e l l  o f  t h e  r e c i p r o c a l  l a t t i c e  a lm o s t  c o n t i n u o u s l y  
w i t h  c o n s t a n t  d e n s i t y .  I t  can be seen  t h a t  to  e a c h  p o i n t  o f  
th e  m i c r o - l a t t i c e  t h e r e  c o r r e s p o n d s  a s e t  o f  3-n e i g e n - v e c t o r s  
and  e i g e n - f r e q u e n c i e s .
S u b s t i t u t i n g  (2 1 .8 )  i n  ( 2 1 .7 )  and d e f i n i n g
I L ) .  I - v i i . )
t h e  f o l l o w i n g  e q u a t i o n  i s  o b t a i n e d
" Z Z  % /a  U l b b O  • • • ( 2 1 . 1 2 )
An a l t e r n a t i v e  e x p r e s s i o n  f o r  ^ i s
i U l U  -  . . . ( 2 1 . 1 3 )
I t  i s  c l e a r  t h a t
I& ) .  [3; 1 -bj . . . ( 2 1 . 1 4 )
The e q u a t i o n  c o r r e s p o n d i n g  to  (2 1 .1 2 )  f o r  t h e  i s
K î ' ) '  -  1 1  • • • ( 2 1 . 1 5 )
C , ^ ( C V I U 0 =  . . . ( 2 1 . 1 6 )
The m a t r i x  cC^) i s  i n t r o d u c e d  w i t h  row and column 
s u f f i x e s  formed f rom the  i n d e x  p a i r s  (u k )  @ (y8-te')
r e s p e c t i v e l y .  I f  € (.«v) i s  t h e  d i a g o n a l  m a t r i x  w i t h  e le m e n t s
5 ^ -  • • • ( 2 1 . 1 7 )
e l a )  1 i \ )  €M < ^)  . • • ( 21 . 18 )
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where is the complex conjugate of
The e x p r e s s i o n s  f o r  the  d i s p l a c e m e n t s  a r e  e i t h e r
d
or
' i l l )  - + 4 l l * )  . . . ( 2 1 . 2 0 )
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22.  LOHG WAVES.
E q uation  (21.15) can be w r i t t e n  in  the form
. . . ( 2 2 . 1 )
JÎ.VJ « cC.<3W 
where jv. •• (.w and w ig  the one column m atrix
- L f t . ' } ! ' ) ,  +3-(-V') , ,   ■fjt'JN)] . . . ( 2 2 . 2 )
 ^ \_W, 0)  ^ VJtb) , WjCl) . . . .
C o n s id e r  th e  m a t r i x  expanded i n t o  m a t r i x e s ,  the  e le m e n t s
o f  which  c o n t a i n  the  same power of  th e  wave number
,  loi it'i w
i . e .  C. 4- 4 C C«V) 4 ........  . . . ( 2 2 . 3 )
where the  e l e m e n t s  of C a r e  c o n s t a n t ,  t h o s e  o f  c C%) l i n e a r  
i n  ^  e t c .
I f  JX and W a r e  expanded i n  the  same way
COÎ in LM
* j x  4 JX 4  JX 4 .............  . . . ( 2 2 , 4 )
- W + . V J 4 V J 4  . .  ' , . . ( 2 2 . 5 )
t h e n  i t  f o l l o w s ,  by  com par ison  of e q u a l  powers i n  ( 2 2 . 1 ) ,  a 
s e t  o f  e q u a t i o n s
lO in'»JX w »
loO to)
C W . , . ( 2 2 . 6 )
vo'i in in lo)4 J1 w
loi in
C vg
o) W) 4  C W . . . ( 2 2 . 7 )
l«)JX
IV) in inW 4 W 4 W =
to) tu
c  w
to in IV) to) 4 C VJ 4 C W
. . . ( 2 2 . 8 )
e t c .
C o n s id e r f i r s t  the z e ro a p p r o x i m a t i o n  ( 2 2 . 6 ) . These
e q u a t i o n s  must be s a t i s f i e d  f o r  any  t r a n s l a t i o n s  o f  t h e
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c r y s t a l  a s  a w ho le .  There  a r e  t h r e e  i n d e p e n d e n t  t r a n s l a ­
t i o n s ,  v i z .
of o o ^V .
I h;  '
0 D i  of- O . . . ( 22 . 9 )
O a*"
and th e  c o r r e s p o n d i n g  \w«.U) = t a ( ^ ( t ) c a n  he w r i t t e n  i n  th e
form
U»)
v j x  = O
10)
* MU , . . ( 2 2 . 1 0 )
U -
M :





. . ( 2 2 . 11 )
0 o Fn*
s u b s t i t u t i n g  the  s o l u t i o n  (22 .1 0 )  i n  ( 2 2 . 7 ) ,  t h e  e q u a t i o n  
becomes
C v) .  JO. MU -  c C(^ ) MU . . . ( 2 2 . 1 2 )
1%) U)
S i n c e  t h e  homogeneous e q u a t i o n s  c \aj - o have a s o l u t i o n  of 
t h e  fo rm  a M \j‘ where  u ‘ i s  an a r b i t r a r y  one-column
m a t r i x  l i k e  U i n  ( 2 2 . 1 1 ) ,  t h e  e q u a t i o n s  (2 2 ,1 2 )  a r e  o n ly  
s o l v a b l e  i f
J 1  M MU -  H = O . . . ( 2 2 . 1 3 )
where  M i s  th e  t r a n s p o s e  of  th e  m a t r i x  M .
-106-
to
The ' e x p r e s s i o n  f o r  1 ^ 9  i s
0 M l Ml' «. i-
and  hy  w r i t i n g  out th e  e l e m e n t s  o f  C (.<^ ) m\ i t  oan he
s e e n  t h a t
M C Ccy) = 0 . . . ( 2 2 . 1 4 )
u s i n g  ( 3 . 27 )
Hence
f') , to) to tnUX - O CLnri-cL C = — C V-Cy ) M \J . . . ( 2 2 . 15)
and  th e  s o l u t i o n  o f  (2 2 .1 2 )  i s  o f  th e  form
to 10) trt
W = P C M U + M U . . . ( 2 2 . 1 6 )
where  Mu' i s  th e  s o l u t i o n  of t h e  homogeneous e q u a t i o n s ,  and
10) r to) 1 -1
n : Lc ] '
The second  o r d e r  e q u a t i o n  ( 2 2 .8 )  g iv e s
MU -  C Cc\,) W -  ^ 1(^ 1 M U . . . ( 2 2 . 17)
The s o l v a b i l i t y  c o n d i t i o n  g i v e s
jL M M u  s n  c C«v) w 4 c ' h )  MU . . . ( 2 2 . 18)
can  be e l i m i n a t e d  be tw een  the  two e q u a t i o n s  (2 2 .1 6 )  and
( 2 2 . 1 8 ) ;  t h e  t e r m  w i t h  u '  v a n i s h e s  b e c a u s e  o f  (22 .14) .  -r
H'€nce.
. JC" M rnu - R \ “ (.<v) -  c  W  P’
. . . ( 2 2 . 19)
As t h e  e x p r e s s i o n  in  the  b r a c k e t s  i s  of th e  second o r d e r  i n
t h e  components  o f  , t h e  e x p l i c i t  e x p r e s s i o n  of ( 2 2 . 19 ) ha s
t h e  fo rm
f  k f u *  -  Z  Z . V  V
. . . ( 2 2 . 2 0 )
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where ^  = A i s  th e  d e n s i t y ,  t r  b e in g  th e  volume of
t h e  u n i t  c e l l .  By i n t r o d u c i n g  th e  v a l u e s  o f  cOy) and c Cc^ ) 
t h e  e x p r e s s i o n  f o r  th e  c o e f f i c i e n t s  i n  ( 2 2 , 2o) i s
.  f  I Z  t r  %  I t . ' )  “ ► I t * . )
-  1 ? - *  I**') “ * (* « ' ) '•►til*')] . . . ( 2 2 . 2 1 )
w i t h
o^lX, 1-t/Qj % [Aw, “ [/3 k)Oui
u s i n g
. . ( 2 2 . 2 2 )
The e x p r e s s i o n  i s  t h e  same as  th e  one
o b t a i n e d  f o r  V o i g t ’ s c o n s t a n t s  i n  l ? q )  . E q u a t i o n  (2 2 .2 0 )  
becomes
/oW^U^ = Z  (^ c^ ) . . . ( 2 2 . 2 3 )
u s i n g  change of i n d i c e s  g i v e n  by ( k tb ) and w r i t i n g
^ c r  '  i  fi k]
t h e  e x p r e s s i o n  f o r  C<^) i s
X L -))' '  C„ Cbb Cff CbS- Cfi Cib
Cbfc Cl, y Ckt ^ fca Si
% ( 4 ) CJJT Cu<^ C31 C-U3 s "
Ct,r Cum) Cat) t  (Ckk 4  Cjs-)
• Csi c„b C lf i ( C n r 4  C3J 1(^31 + Crr) t  (Cj-b 4  C114) a^iS,
C6l CfW t(C bu  4  Car) 4 Cm) \  is-\x 4  Q)&)
. . . ( 2 2 . 2 4 )
-1 0 8 -
E q u a t i o n s  (2 2 .1 5 )  and (2 2 .1 9 )  when w r i t t e n  i n  component fo rm  
a r e
I  Z •  - z I  r ? V  c '  ( o y \ M ' ) u > 5 .  . . . ( 2 2 . 2 5 )
^ il' /  "
and
i  •  L  S  '■V**') ‘W  . . . ( 2 2 , 2 6 )
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23.  SYMMETRY o f  t h e  LATTICE and t h e  DYNAMICAL MATRIX.
The t r a n s f o r m a t i o n  o f  t h e  c o o r d i n a t e s  i s  g i v e n  by  th e  
e q u a t i o n  (7<>5).
I f  t h e  p o i n t  i s  t a k e n  to  be th e  p o i n t  o f  t h e  l a t t i c e ,
t h e n  (7»5) becomes
“ i l l )  • Z  i ; .  11 )
L e t  T  now be a symmetry o p e r a t i o n  o f  th e  l a t t i c e ,  t h e n  i t  
w i l l  be  p o s s i b l e  to  f i n d  a p o i n t  o f  t h e  l a t t i c e  ^ ^ j  , s u c h  
t h a t
^  ^ ji^ ) “ ^6  (g^) J oi, , . , ( 23«2 )
A c o m b i n a t i o n  o f  ( 2 3 .1 )  and  ( 2 3 .2 )  g i v e s
 ^ • • • ( 2 3 . 3 )
The t r a n s f o r m a t i o n  law  f o r  t h e  e l e m e n t s  j  o f  t h e
d y n a m i c a l  m a t r i x  d e f i n e d  by ( 2 1 .3 )  i s
I X '  ) ■ Z / . .  I .  l ‘ X ' ) '
P o i n t s  and J  can be f o u n d  su c h  t h a t
u -L * \  ».»(23<»5)
o r  , , ,1 . . . ( 23 . 7 )
The f a c e - c e n t r e d  c u b ic  l a t t i c e .
I n  a f a c e - c e n t r e d  c u b ic  l a t t i c e  i t  i s  p o s s i b l e  t o  c ho o se  
a u n i t  c e l l  which  c o n t a i n s  o n l y  one p a r t i c l e ,  and so t h e  i n d e x  
À  can  be  o m i t t e d  f ro m  a l l  sym bols  i n  which  i t  o c c u r s ,  a s  i n
-1 1 0 -
s e c t i o n  14 .  Here i t  i s  more c o n v e n i e n t  to  d e a l  w i t h  t h e  
c u b i c  c e l l  c o n t a i n i n g  f o u r  p a r t i c l e s  th e  l e n g t h  o f  whose s i d e  
i s  . The a x e s  of a C a r t e s i a n  s y s t e m  a r e  t a k e n  to  he
p a r a l l e l  to  t h e  s i d e s  o f  t h i s  c u b ic  c e l l .
II*
Fi  ^ V
S i n c e  i n  t h e  c a l c u l a t i o n  w h ic h  f o l l o w  o n l y  th e  tw e lv e  f i r s t  
n e i g h b o u r s  o f  a p o i n t  l a b e l l e d  o  i n  th e  f i g u r e  V, w i l l  be  
t a k e n  i n t o  a c c o u n t ,  t h e  number o f  - m a t r i x e s  i s  = i3
The l e t t e r  -t w i l l  n o t  be  u s e d  a s  t h e  c e l l  i n d e x  w i t h  r e s p e c t  
t o  t h e  s m a l l e s t  c e l l ,  b u t  a s  a l a b e l  a t t a c h e d  t o  t h e  tw e lv e  
n e i g h b o u r s  a s  t h e  f i g u r e  i n d i c a t e s .  The r e c t a n g u l a r  








—I - I  — I
- I  I -1 - I
-I
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The c o m p le te  s e t  o f  symmetry o p e r a t i o n s  o f  t h e  l a t t i c e  may he 
g e n e r a t e d  by  th e  t h r e e  o p e r a t i o n s ; -
( i )  ( 8 , 15)5 T - m a t r i x  i s  d e n o te d  by  ,
( i i )  ( 8 . 3 ) 5 T - m a t r i x  i s  d e n o te d  by .
14
( i i i )  ( 8 , £ 2 ) ,  T - m a t r i x  i s  d e n o te d  by 14.
I n  o r d e r  t o  u s e  t h e  f o r m u l a  ( 23 . 7)5 the  change  o f  i n d i c e s
£ must a l s o  be  s p e c i f i e d ,  For t h e  o p e r a t i o n  T ^  , t h i s  c a n  
be  w r i t t e n  i n  the  fo rm
L\ I.M ^ n) K b) tb 10 ici) « • • ( 23 . 8 )
w h ic h  means t h a t  a m a t r i x  w i t h  a c e r t a i n  number i n  a c y c l e  i s  
t o  be  d e r i v e d  f rom  th e  m a t r i x  w i t h  th e  number f o l l o w i n g ,  i n  
t h e  c y c l e .
e . g .  V  - T ^  f t
Fo r  t h e  o p e r a t i o n  t h e  change  o f  i n d i c e s  £ i s  g iv e n  by
0  •X) U  10) I k  < )^ «■) . . . ( 2 3 . 9 )
and  f i n a l l y  f o r  t h e  o p e r a t i o n  T«L th e  change  o f  i n d i c e s  -L i s
g i v e n  by
(,\ \o )  (b IT R) o . • (2 3 .1 3 )
, V  , lb" , a r e  i n v a r i a n t  f o r  t h e  o p e r a t i o n  T ^  and , 
lb" a r e  i n v a r i a n t  f o r  t h e  o p e r a t i o n  Tj[ .
By a p p l y i n g  th e  o p e r a t i o n s  t o  th e  - m a t r i c e s ,  s t a r t i n g  
w i t h  th e  f o l l o w i n g  e x p r e s s i o n s  a r e  o b t a i n e d ; -
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TABLE X II
= = -  À - oL 0 0 1^ =  = - ±  M
” OL 0 0
0 fi 0  fi - 4
Lo / J
^  a  - 1
M 7  0
V  * d ‘® * -Jl
M °  - r
0 oL 0 0 OL 0
. 4^ ° f i . -•“ih 0
% D" =  - 1  
M 4-
0 " -b^ = = -1
n -  /g
0"
/3 0 /S 0
-O 0 ot_ - 0 p OC
-  f
I t  I
\ 0 o
O I o 
. 0 0  *
F o r  t h e  B r a v a i s  l a t t i c e  su ch  as t h i s ,  the  d i f f e r e n c e  b e tw e e n  
t h e  m a t r i c e s  and d i s a p p e a r s .
From C' ‘^3-0
C Cs) . o  . . . ( 23 . 11)
and  s i n c e  e a c h  l a t t i c e  p o i n t  i s  a  symmetry c e n t r e
c  9 ^ 0  00. ( 23 . 12 )
and
c  C c y )  -  0
+ (.w+zsKi i^ + «(j) V  Si
H  S i  Sa
Sa Sri ï f S a S i  + (<».+^XsNsO
. . . ( 23 . 13)
- 1 1 3 -
and Ta CS(') -  5 i t s  e l e m e n t s  a r e  g i v e n  by
D . ' , C s ) l V 614- y3 ot+ya 0 0 0 '  S ' "
V Ol+yô 0 0 0 s i
^33 ( S ) = g*ïïVp ( ^ 4-/3 0t4-^ V 0 0 0 $  .
% 3C « t ) 0 0 0 0 0 % S ' S 3
1)3, C & ) 0 0 0 0 0
0 0 0 0 0
o m p a r in g  t h i s  w i t h ( 2 2 .2 4 ) and f o r  t h i s l a t t i c e  /o
. . ( 23 . 14 )
t h e  f o l l o w i n g  r e l a t i o n s  e x i s t s - 
c„ = Civ .  C jj ,  kjj’- ^ 6
ou '
= ^ S €  -  Cfab »
Ou,
% C3, + Cff5- = C.a Cbb =
C.
1
. . . ( 23 . 15 )
t  '  fn
The r e m i n i n g  e l a s t i c  c o n s t a n t s  a l l  v a n i s h
2=^ Icuk + CrJ y
The d y n a m ic a l  m a t r i x  d e f i n e d  b y  (2 1 .1 1 )  h a s  t h e  v a l u e
Fv -t" CA, CAiAj '
C^3-4| Cj^  Fa ^  C *^ 3
DC'S) -- ^
aviM
. . . ( 23 . 16 )
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where
%. Cm) 0  — C3 ) 4. (.1 — C3 — CiCx) —
Fa^  t  (?-Cwv* - c „ X ' -  Cj c,) + Cu (^1- -  C1C3) -  CAx \  , 0 0 ( 2 3  1 7 )
Fj = Clc-u -cu X' - -  C3C,) -  c 4
w i t h
C* r l^ TTOuO^ '^) T^TCL(^  ^ J.  . • . ( 23 . I 8 )
C -  0\a 4" Cu<f
The h e x a g o n a l  c l o s e - p a c k e d  l a t t i c e .
I n  t h i s  l a t t i c e  t h e r e  a r e  tv/o p a r t i c l e s  o f  e q u a l  mass M 
i n  t h e  u n i t  c e l l ,  d i s t i n g u i s h e d  b y '  l ,X  a s  i n  s e c t i o n s  l 8 
and  2 0 o The c e l l  v e c t o r s   ^ can  be c h o s e n  i n  such  a
way t h a t  t h e  a n g l e  b e tw e e n  g.» and Ç ^ i s  and a t  r i g h t  
a n g l e s  to th e  p l a n e  o f  g, and i n  th e  d i r e c t i o n  t h a t  makes 
t h e  s y s t e m  o f  a x e s  r i g h t - h a n d e d .
A l s o  \ \  -  \ ( X \ \  ~  Ol  l & i l  -  G.
Only  t h o s e  m a t r i c e s  T> (,1^0 w i l l  be  c o n s i d e r e d  w h ich  
a r i s e  f ro m  the  f i r s t  n e i g h b o u r s  o f  t h e  two p a r t i c l e s  c h o s e n  
i n  u n i t  c e l l .  These  two p a r t i c l e s  a r e  l a b e l l e d  o  and o  
( r e d  d o t s ,  f i g s  VI and-Vl^Er) . E a c h  p o i n t  h a s  tw e lv e  
n e i g h b o u r s ,  s i x  i n  a p l a n e  c o n t a i n i n g  t h e  p o i n t ,  t h r e e  above  
and  t h r e e  be low  th e  p l a n e .  The l i n e  j o i n i n g  o  o r  o ‘ t o  a 
n e i g h b o u r  p o i n t  j i s  l a b e l l e d  by  the  l e t t e r  T , and 1)’* 






- ^ - l y\S
T
Fij VI
The tw e lv e  f i r s t  n e i g h b o u r s  o f  o  a r e  a g a i n  s p l i t  i n t o  two 
g r o u p s  , ip and t h o s e  o f  d , a s  i n d i c a t e d  by the
f o l l o w i n g  schem es-
n e i g h b o u r s  o f  o
n e i g h b o u r s  o f  o '
The s i x  p a r t i c l e s  t h a t  l i e  i n  th e  p l a n e  c o n t a i n i n g  t h e  p o i n t
0 a r e  t a k e n  to  be  o f  th e  t y p e  'kz. % , th e  s i x  t h a t  l i e  i n
t h e  p l a n e  c o n t a i n i n g  o' a r e  o f  t h e  t y p e  -k - h  and so on 
a l t e r n a t e l y ,  so t h a t  the  p a r t i c l e s  o f  one ty p e  l i e  on th e  
s e t  o f  p l a n e s  t h a t  i n t e r l e a v e  th e  s e t  o f  p l a n e s  w h ic h  c o n t a i n
J p  — >  I a k fc 7
Î  ‘
Î 3 % s' %  .
y  r a '
k ' S-' b '
V 3' V
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t h e  o t h e r  t y p e s  o f  p a r t i c l e s .  The c o n n e c t i o n  b e tw ee n  t h e  
sym bols  T* and i s  g i v e n  i n  T ab le
'P I k s b % B "Û S' b
2, 0 1 0 -I - I 0 \ 0 -1 -1
4% \ -\ 0 0 0 -1 0 \ 0
-1 -0
h 0 0 0 -1 -1 -1 0 0 0 \ \ 1
( * t ' ) 00 u n 00 UO 0 ‘) I") _ _ b ') tu ) tu) ti«)
-P a' 3‘ k' 5' b' T‘ Ï 3' V s' b'
0 1 - \ 0 I I 0 I - I 0 I 1
k I 0 -1 0 \ 0 -1 1 0 0 0 »
k 0 0 0 - I -1 -1 0 0 0 1 1 1
l*V) W OO 1'4 W 111) Ol) Ol)
Ol)
C a r t e s i a n  coo r d i n a t o sys tem s  i s so o r e n t i a t e d  t h a t
a l o n g t h e  po s i t i v e  d i r e c t i o n of 5 % and a l o n g t h e
p o s i t i v e  d i r e c t i o n  of
TABLE X I I I .  The group o f  symmetry o p e r a t i o n s  o f  t h e  l a t t i c e .
b - f o l d  a x i s  of 
r o t a t o r y  
i n v e r s i o n  i n  
d i r e c t i o n  o f  
- a x i s
If)
(.3 a 0 C? ^
(.t U b "5 U r  )
T m.
% - f o l d  a x i s  o f  ; 
r o t a t i o n  i n  
d i r e c t i o n  of  
a x i s
?-io
G lid e  p l a n e  - a 
r e f l e x i o n  i n
•X^  t  Ji
f o l l o w e d  by 
t r a n s l a t i o n
p a r a l l e l  to  
-  *-/j3
U'l) and
t r a n s l a t i o n  





R e f l e x i o n  in l8't) ; (jb?J, U b )
ToT?
R e f l e x i o n  i n  
%% % 0
1* 1)
U o ) ,  Ü ? )
Lffb) c ?  V
. . . ( 23 . 19 )
. . . ( 23 . 20)
. . . ( 23 . 21)
. . . ( 23 . 22 )
. . . ( 2 3 . 2 3 )
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From ( 23 . 20 ) 3 ,* = tu .  = T ,
s i m i l a r l y -b*
From
•b'* = ■S'*' •b'' c D**'
-- - ^ V
3,3 - =
. , . ( 23 . 24 )
Jk* b
Only  tw e lv e  m a t r i x e s  need  be c a l c u l a t e d ,  s i n c e  (23*24)  g i v e s  
t h e  r e m a i n i n g  o n e s .
The e x p r e s s i o n s  f o r  t h e s e  m a t r i c e s  a r e  g i v e n  b e lo w .  They can  
b e  fo u n d  by a p p l y i n g  t h e  symmetry o p e r a t i o n s  f o u n d  i n  TABLE 
XIV.
TABLE XIV
= __L “cX+(îyQ S 0 “ "b* z. Ti‘‘ a -  Ju M 01+ fifi -5- 0 "
— S ok— 0 0
_ 0  0 1 - _ 0
0 L
T?- =. D^' = -1  
n ok - y® 5 - Î3y8 0
% 1?" =, —JL 
M
0“
ok + 4 0 01+ /? 0
.  0 0 (f_ _ 0 0 d
3 3 '% 1 5+13/? 0 T.Î - .3,^  = - 4 -5- j3yg 0“
— 5 + r^ yô 0I+ ^  ^ 5 -J3/ ol't^ 0
. 0 0  i - 0 0  ^ .
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3^ %. % -_lM
-  s . —1
n
*3® -^a*' r 1.
M




0 X -'ljx -a<r
_ 0 - 0 .0 - V
- G f -
JÎK A+K (T
<r S)
"A- U- -  J3k Î3<r
- R k X +  ^ L O'
_ J3 (T c r




. . . ( 23 , 26)
and  T *  3 -  Y't
T h e r e f o r e  f ro m  ( 2 1 ,1 6 )
c ( 7 , ) -  < z )  ' ^ ( a )
Hence i t  i s  o n ly  n e c e s s a r y  to  c a l c u l a t e  t h e  t e rm s  i n  t h e  
e x p a n s i o n  of
. . . ( 23 . 27)
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cC<\\^0 I  e
Û,
The v a l u e s  o f  r** a r e  t a b u l a t e d  b e lo w
. . . ( 23 , 28 )
; ' 3L ^ nr 1 3 "P K S' b h s 6
I") \ - i ’i i a * '  li') “ \  - i 0 --L
i - l f . ) 0
3i
1 »n 0 % a % - a% , Jfî "k t n i n
0 0 0 0 0 0 c 3^ l*i) - I  - i 1% Jl3v i
The f i r s t t h r e e  t e rm s i n th e
i
e x p a n s io n s of cCeyl >0 and
c ( ( v \ a \ ) a r e
C









Si -Sv 0 
0 0 0
, . . ( 23 . 29 )
c h \ " )  - k J il^M
0
-1 2 0 -
o î-lC V -V -H ^ +  -  ^ o ? -  k S '  S '-  O .J 3  0 - (XXL <^3
- ‘icx> l -^K) S ^ l 1 ^ 0.C 0- C^ iSa
a lî  ac. cr C^ J (XC <r c^ 3 V ^x) -*- c^^ «Va]
I f  t h e s e  v a l u e s  a r e  s u b s t i t u t e d  i n t o  ( 2 2 .2 $ )  t h e  f o l l o w i n g





. ( 23 , 30 )
I f  t h i s 9 a lo n g  w i t h  (14«29) i s  s u b s t i t u t e d  i n  ( 2 2 . 2 6 ) ,  t h e  
r e s u l t  i s
. . . ( 23 . 3 1 )
Where now
x w ' - ^ 4 . 3 ^ + y t X -  k - ^ 4- 3(1 - 3^ + X + k 0 0 0
4 + y + A - k 0 0 0
+■>)
0 0 0 SÎ-
T)«W
n 0 0 0 n ^ o -  0 0 4 i i )
0 0 0 0 S(T 0
0 0 0
a.
0  0 V ' h
. . . ( 23 . 32 )
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T h e r e f o r e  t h e  e l a s t i c  c o n s t a n t s  a r e  g i v e n  by
! .  .  ^  -X -K ]
. 1 V
n  o> 5
'  ' i B  i  ‘ •  g "  «)
' . ' ‘J
C„ .  c , , .  ( i n .  - 1 1 >)
. . • ( 23 . 33 )
r
s i n c e  f o r  t h i s  l a t t i c e  a -
vTiûlc
The r e m a i n i n g  e l a s t i c  c o n s t a n t s  a l l  v a n i s h .
I t  can  be seen  t h a t  t h e  r e l a t i o n s  c h a r a c t e r i s t i c  o f  h e x a g o n a l  
symmetry Cbb= s a t i s f i e d .
I t  i s  n o t  p o s s i b l e  to  e x p r e s s  th e  a t o m i c  c o n s t a n t s  
u n a m b ig u o u s ly  i n  te rm s  o f  th e  e l a s t i c  c o n s t a n t s .  T h e r e f o r e  
t h e  c o m p le te  f o r m u la e  f o r  th e  d y n a m ica l  m a t r i x  a r e  g i v e n  i n  
t e r m s  o f  t h e  a to m ic  c o n s t a n t s .
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= . A | b >  +  V  > < U î /3 ) ( , \ -  (.«ATT 6 . ( \ ,  c«
+  M i  (_ a  -  Cw'^TtOLt^i -  C£«-iTOL<\, « «  î s v a c ^ o ^
i '*) — ^  a j 4 w “V U l S  lu ^  "ÏTCL  ^j^ c irt TT.-^(“
» "bi^lcyl'O
. . . ( 23 . 34 )
\  ('\\a.0
= 4  (%Ede- ü A  -  uU +^W )c«T It<)3<tovaC ),e.4(^-’U a ^ j ']
T > 3 îI< v H  = c « V C ( ^ i ^ t . 4  ^  î < » .v a <^,-..4 ( - ’l ^ c ^ O ']
”£>•>.3^'^'^ '  "^aa^is-O -  (lA y  ■" «la »«+ - '®“'^ I
"^31 W ’-') " T>i3(,<\\®-0 -  h iî* ^  «W/tvTCl^a /«^TT<».(^, « 4  4 i.)
M ^
T>»a U  ' ^ 0  ■ -  h J L l ^  Ci^ TT cc^^ aa/ ^ tt cx<^ , - e ^  { - T L ^
. . . ( 23 . 35 )
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24. THEORY of FINITE DEFORMATIONS of ELASTIC CRYSTALS.
I n  t h i s  s e c t i o n ,  te rm s  o f  h i g h e r  o r d e r  i n  t h e  e x p a n s i o n  
o f  t h e  p o t e n t i a l  e n e rg y  ^  a r e  t a k e n  i n t o  a c c o u n t ,  f o r  t h e  
f a c e - c e n t r e d  c u b ic  l a t t i c e .
A c u b ic  l a t t i c e  i s  c o n s i d e r e d  and  d e f i n e d  by e q u a t i o n s  
( 1 4 . 1 )  and ( 1 4 . 2 ) .  I t  i s  assumed t h a t  th e  p o t e n t i a l  e n e rg y  
b e tw e e n  two p a r t i c l e s  depends  o n ly  on th e  d i s t a n c e  b e tw ee n  
them. Then, i f  t h e  l a t t i c e  c o n s i s t s  o f  W p a r t i c l e s ,  t h e  
p o t e n t i a l  e n e rg y  can  be  expanded i n  a s c e n d i n g  powers  of  p  
( s e c t i o n  1 4 ) .
= ^  , J  . . . ( 2 4 . 1 )
I n t r o d u c i n g  th e  n o t a t i o n
e„ «X-V e.35 aej, a e „  i  . . . ( 24 . 2 )
I  \  ?3 «I, %  i
. . . ( 2 4 . 3 )
% = "^3 *)- j
and s i n c e  a l l  t h o s e  te rm s  i n  which odd powers  o f  t h e  4A 
o c c u r  v a n i s h  when summed, e q u a t i o n  (2 4 ,1 )  becomes
^  = frCo) + 0-14 B, + + 3,] + o-t'>0[a(3i 3j + I j l , + +
■V Ij. î j j  -4- + 3jJ -t- 3 0’^ ^i')[?^(_3^+1,") +
-t- I3 U ,+  3a) -f + 3» H j  "1T) + -t-
+ -ifrO.')0[a3,1j33+ i-Î3«|j’j . . . ( 2 4 . 4 )
w here
. . . (2 4 .$ )
lAitAtt O3).' t
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and gCojO, o) G-Co) Glo, o j |%) » CrL^)
G LOj t  j ^ +3 ] . . . ( 2 4 . 6 )
s i n c e  CrC^ v, i s  i n v a r i a n t  a g a i n s t  any  p e r m u t a t i o n  o f
The e n e rg y  of  th e  undeform ed  l a t t i c e  i s  t a k e n  to  be 
z e r o ,  i . e .  G-Co)
I f  th e  undefo rm ed  l a t t i c e  i s  i n  e q u i l i b r i u m  th e  l i n e a r  
t e r m  i n  ( 2 4 ,4 )  must v a n i s h  i d e n t i c a l l y ;  hence  th e  e q u i l i b r i u m  
r e q u i r e s  th e  r e l a t i o n ; -
O-iS) - 0 . . . ( 2 4 . 7 )
G-L'l) and G-OiO a r e  c o n n e c te d  w i t h  th e  two f i r s t  o r d e r  
e l a s t i c  c o n s t a n t s  and t»a of  a c u b ic  c r y s t a l  ( i n  V o i g t ' s  
n o t a t i o n )  where  th e  Cauchy r e l a t i o n  Q-u Cui# i s  s a t i s f i e d ,  by 
t h e  r e l a t i o n
c.. -  C,i .  8 & U 0  • • • ( 2 4 . 8 )
^0 Vo
where  Vo i s  t h e  volume o f  t h e  undeform ed  c r y s t a l .
I n s t e a d  o f  th e  c o n s t a n t s  Cu and Cv , i t  i s  o f t e n  u s e ­
f u l  to  i n t r o d u c e  Y o un g 's  modulus E and t h e  P o i s s o n  c o n s t a n t
Suppose  a l l  t h e  s t r e s s  components  v a n i s h  e x c e p t  x» # a s  
i n  e q u a t i o n s  ( 1 1 ,6 )
. g f rom  e q u a t i o n  ( 1 1 .3 )
' w  -
-1 2 5 -
. . . ( 2 4 . 9 )
T h e r e f o r e  i n  t h i s  c a s e
P o i s s o n * s c o n s t a n t  of c o n t r a c t i o n  i n  th e  d i r e c t i o n  o f  
t h e  x ^ - a x i s  t o  th e  e x t e n s i o n  i n  the  d i r e c t i o n  o f  th e  
3c) - a x i s  i s  -
k - C\»i.
Ci, +  C \ x
S o l v i n g  them w i t h  r e s p e c t  to  c», and
. . . ( 2 4 . 1 0 )
K\ ClT. = . . . ( 2 4 . 1 1 )
( 'vk)C'- t)*-)
The t h r e e  r e m a in i n g  sums G-(3) , Ù , G-lhh , d e t e r m i n e
th e  se co n d  o r d e r  e l a s t i c  c o n s t a n t s ,  which  a r e  d e f i n e d  by
in =- V-, - \a  6-Oj »> 0 . . . ( 2 4 . 1 2 )
^ 0  Vo ■   V o  '
The g e n e r a l  r e l a t i o n s  be tw een  th e  components  o f  s t r e s s  
and  s t r a i n  (16) a r e  t a k e n  to  be o f  t h e  fo rm
Î  ^  % ]
Here V i s  t h e  a c t u a l  volume o f  t h e  .. .deformed bo d y ,  which  
can  be e x p r e s s e d  i n  te rm s o f  t h e  and
. . . ( 2 4 . 1 3 )
1 . e .
11 • V + 1
Th/% M l
3,+
. . . ( 2 4 . 1 4 )
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Then u s i n g  V o i g t ' s  n o t a t i o n  f o r  t h e  s t r e s s ,  g i v e n  i n  ( 4 .2 7 )  
and  c o n s i d e r i n g  ^  a s  a f u n c t i o n  o f  t h e  v a r i a b l e s  i n t r o d u c e d  
i n  ( 2 4 .2 )  e q u a t i o n s  (24 .1 3 )  become
M (S . ^ h ' Æ Î^
S i n c e  i n  ( 2 4 .4 )  th e  d eve lopm en t  i s  c a r r i e d  o u t  o n ly  t o  t h e  
t h i r d - o r d e r  te rm s  i n  |  , /Hj a l l  te rm s o f  h i g h e r  o r d e r  t h a n
t h e  second  on th e  r i g h t - h a n d  s i d e  o f  ( 2 4 . 1 $ ) ;  hence  o n ly  
th e  z e r o  and f i r s t  o r d e r  te rm s  i n  th e  d ev e lo p m en t  o f  (2 4 .1 4 )  
a r e  n e e d e d ;
i ' G '  i  -- W ]  . . . ( 2 4 . 1 6 )
The e q u a t i o n s  (2 4 .1 $ )  and ( 2 4 .1 6 )  t o g e t h e r  r e p r e s e n t  th e  
s t r a i n - s t r e s s  r e l a t i o n  which  r e d u c e  to  Hooke’ s haw f o r  
i n f i n i t e l y  s m a l l  v a l u e s  o f  \ and ^ . I f  t h e  p ro b le m  i s  
to  d e t e r m i n e  t h e  d e f o r m a t i o n  of  a c r y s t a l  p r o d u c e d  by th e  
a p p l i c a t i o n  o f  g i v e n  e x t e r n a l  f o r c e s ,  e q u a t i o n s  (2 4 .1 $ )  have 
to  be s o l v e d  w i t h  r e s p e c t  to  th e  | i  and • The c o r r e s ­
p o n d i n g  change i n  volume can t h e n  be fo u nd  by s u b s t i t u t i n g  
t h e s e  v a l u e s  i n  ( 2 4 , 1 4 ) .
C o n s id e r  th e  s p e c i a l  c a s e  where  t h e  c r y s t a l  i s  s u b j e c t  
t o  a norm al  s t r e s s  Xo. , ^  , %% w i t h  v a n i s h i n g  '
By symmetry j ^ i )  must a l s o  v a n i s h  u n d e r  t h e s e  c o n d i ­
t i o n s ,  and th e  f i r s t  t h r e e  e q u a t i o n s  ( 2 4 .1 $ )  become w i t h  t h e
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h e l p  o f  ( 2 4 , 1 6 ) ;  ( i f  a l l  t h e  te rm s  o f  h i g h e r  o r d e r  t h a n  t h e  
s e co n d  i n  th e  ] i  a r e  o m i t t e d )
■i, j. à j
. . ( 2 4 . 1 7 )
■« • i ,  v f . ( - » b - î , - î . )
w h i l e  th e  r e m a i n i n g  e q u a t i o n s  a r e  s a t i s f i e d  i d e n t i c a l l y .
The e x p r e s s i o n  ( 2 4 .4 )  i s  i n t r o d u c e d  i n t o  ( 2 4 .1 7 )  and 
t h e s e  e q u a t i o n s  s o l v e d .
The s o l u t i o n  i s  o f  t h e  fo rm
. . ( 2 4 . 1 8 )
. . . ( 2 4 , 1 9 )
3, = =1»
w here
TZ -V V L . j ) ]
w i t h  s i m i l a r  e x p r e s s i o n s  f o r  and .
These  a r e  t h e  f i r s t  o r d e r  a p p r o x i m a t i o n s .
The e x p r e s s i o n s  f o r  t h e  e'/> a r e  
6  ^ - E  îlk**a.) Xi -V ” O-k)  + "Z.^ )
. . . ( 2 4 . 2 0 )
and s i m i l a r  e x p r e s s i o n s  f o r  and ,
w i t h
^ ' • k  '•^ 3 + V>
-  Kk- W -t), + 0-b pi’)
-t- I '-  p. + )- W") k ) -  kC'-k))in]




-V -  C>i
^ I . , . ( 2 4 , 2 2 )
■^ 3 = U  "  Jb^ ^ - ■ \X
The c o r r e s p o n d i n g  change i n  volume <SV i s  g i v e n  by 
•«. 4 (\- +■
Vo
+ V « j — l ( \  + qk^ )lXaLVt^  *^5 Xt)j * • • ( 24 , 23)
P a r t i c u l a r  c a s e s  o f  th e  above a r e  now t a k e n .
( ^ ) Xx = =• -'P
E q u a t i o n  ( 2 4 .2 3 )  becomes
^ . . , ( 2 4 . 2 4 )
w hich  e x p r e s s e s  t h e  r e l a t i v e  change i n  volume i n  te rm s  o f  t h e
p r e s s u r e  and  t h e  e l a s t i c  c o n s t a n t s  o f  t h e  f i r s t  and  second
o r d e r s .
The c o m p r e s s i b i l i t y  K i s  d e f i n e d  by
K .  ^  .  - J .  ïiE!}  . . . ( 2 4 . 2 5 )
Vo èT> Vo Î -p
T h e r e f o r e  f rom  ( 2 4 .2 4 )
K -- Ko t '~  fKo-p) . . . ( 2 4 . 2 6 )
w i t h
V^ o  ^ j ik) , . 0( 24 . 27 )
(=
and
q  = I -  ^  C ~ r ^ ) U '  + ' • b  ■*• . . . ( 2 4 . 2 8 )
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Here ( 2 4 .2 7 )  i s  th e  w e l l -k no w n  e x p r e s s i o n  f o r  th e  c o m p r e s s i ­
b i l i t y  i n  o r d i n a r y  e l a s t i c  t h e o r y ,  and  t h e  second  t e r m  i n  
( 2 4 .2 6 )  r e p r e s e n t s  a p p r o x i m a t e l y  th e  change i n  X due to  th e  
d e v i a t i o n  f rom Hooke’ s Law, T h is  d e v i a t i o n  v a n i s h e s  f o r  
s m a l l  p r e s s u r e s  and becomes s i g n i f i c a n t  i f  i s  n o t  v e r y
s m a l l  compared w i t h  u n i t y .
( I I )
Xx '  T  ^ -z^ ^  0 . . . ( 2 4 . 2 9 )
E q u a t i o n s  (2 4 .1 8 )  become
la = + (-«<,+ i  J . . . ( 2 4 . 3 0 )
The f r a c t i o n a l  e x t e n s i o n  o f  t h e  c r y s t a l  i n  th e  d i r e c t i o n
o f  T  i s  a c c o r d i n g  to  th e  d e f i n i t i o n  of by ( 2 4 .2 )
^  ,  y V T ,  - \  ^ i \  -  i t  . . . ( 2 4 . 3 1 )
and s i m i l a r l y  t h e  f r a c t i o n a l  c o n t r a c t i o n  - ^  i n  a p e r p e n d i c -
u l a r  d i r e c t i o n
-  %  .  - T W H  ^  .  - U a + - v t  • • • ( 2 4 . 3 2 )
S u b s t i t u t i n g  f o r  and f rom  ( 2 4 .3 0 )
^4. .  T  4. H i ?  . . . ( 2 4 . 3 3 )
w i t h
and
1^ - •*• oil) E -  i . . . ( 2 4 * 3 4 )
-  %  -  . . • (24 .35)
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with
cj i  -= L-=>.v + V- . . . ( 2 4 . 3 6 )
The e x p r e s s i o n s ( 24 . 33 ) and ( 2 4 ,3 5 )  r e d u c e  to  th e  w e l l -  
known r e l a t i o n s  o f  c l a s s i c a l  t h e o r y  f o r  i n f i n i t e l y  s m a l l  
v a l u e s  o f  T  . But  f o r  f i n i t e  v a l u e s  o f  t h i s  q u a n t i t y ,  th e  
s e c o n d  t e r m  w i t h  ^  becomes s i g n i f i c a n t  and c a u s e s  a 
d e v i a t i o n  f rom  Hooke’ s Law, The a c t u a l  r a t i o  k  o f  th e  
e x t e n s i o n  a l o n g  T  and th e  c o n t r a c t i o n  a c r o s s  T  f o r  a 
f i n i t e  d e f o r m a t i o n  i s  d i f f e r e n t  f rom  P o i s s o n ’ s c o e f f i c i e n t  
k ' 9 t o  th e  d e g re e  o f  a p p r o x i m a t i o n  u s e d  h e r e
.  K -  f )
J
. . . ( 24 . 37 )
w i t h
^0 -  l '+  k ) [ l  V bAb oia.^1 . . . ( 24 . 3 8 )
As t h e  n e x t  s p e c i a l  c a s e ,  a c r y s t a l  u n d e r  a s h e a r  
s t r e s s  S a l o n g  th e  Co, 0) o r  th e  CojO,i) p l a n e s  of  l a t t i c e ,  
i s  c o n s i d e r e d .  T h is  i m p l i e s
. . . ( 2 4 . 3 9 )
/at ~ » Zac ^  ^
By symmetry,  i t  f u r t h e r  f o l l o w s  t h a t
» o 3a ^ . . . ( 2 4 . 4 0 )
The f i r s t  t h r e e  e q u a t i o n s  (2 4 .1 $ )  c o n t a i n  l i n e a r  and
q u a d r a t i c  i n  th e  J i  b u t  o n ly  q u a d r a t i c  te rm s  i n  t h e  o/j» .
T h i s  f a c t ,  t o g e t h e r  w i t h  th e  c o n d i t i o n  ( 2 4 ,3 9 ) ?  i m p l i e s  t h a t  
t h e  ^ ^  a r e  o f  th e  o r d e r  o f  m ag n i tud e  o f  , and  t h a t  a l l
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n o n - l i n e a r  te rm s  i n  t h e  can he  o m i t t e d .  Thus t h e  f a c t o r  
1 i n  t h e  e q u a t i o n s  (2 4 ,1 $ )  can a c c o r d i n g  to  ( 2 4 .1 6 )  he 
i d e n t i f i e d  w i t h  and th e  e q u a t i o n s  become
Cx»l, + -V Ja - o
4- C^H+CxOli (^ "L 4)^  =- o . . . ( 2 4 . 4 1 )
n e g l e c t i n g  a l l  t e rm s  of  h i g h e r  t h a n  th e  f i r s t  o r d e r  i n  3, and 
and o f  h i g h e r  t h a n  second  o r d e r  i n  th e  . The l a s t  o f  
t h e s e  e q u a t i o n s  i s  i d e n t i c a l  w i t h  th e  c o r r e s p o n d i n g  r e l a t i o n
i n  t h e  c l a s s i c a l  t h e o r y ,  s i n c e  i s  i d e n t i c a l  w i t h  t h e
s t r a i n  component  ^ , i n  V o i g t ' s  n o t a t i o n .  Such ,
e f f e c t s ,  h ow ever ,  a r e  i n d i c a t e d  by th e  f i r s t  o f  t h e s e  
e q u a t i o n s  ( 2 4 . 4 1 ) ,  c o n s i s t i n g  i n  th e  p r o d u c t i o n  o f  norm al  
d e f o r m a t i o n s  by  a p u r e  s h e a r ,  wh ich  v a n i s h  i n  th e  c l a s s i c a l  
a p p r o x i m a t i o n .  The s o l u t i o n  o f  t h e s e  e q u a t i o n s  f o r  3, and 
i a
~ C»"».  ^ Cxi H - J  I
> . . , ( 2 4 , 4 2 )
I3 * /v|M -  V u  c»x -  u  h  (
By means o f  ( 2 4 . 4 2 ) ,  th e  l a s t  o f  t h e  e q u a t i o n s  ( 2 4 , 4 1 ) ,
an d  th e  f o rm u la  ( 2 4 , 1 1 ) ,  t h e  f r a c t i o n a l  ch an g e s  o f  l e n g t h s  
o f  th e  c r y s t a l  i n  t h e  d i r e c t i o n s  o f  t h e  a x e s  p ro d u c e d  by  th e  
s h e a r  S can  be e x p r e s s e d  i n  te rm s  o f  t h e  e l a s t i c  c o n s t a n t s ,  
n a m e ly ? -
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% - ‘  I  . . . (24 . 43)
t  '  t 1 '  t * -  !
wi t h
"k\ - k ) ( , \ - t  l \ qui  - x X \  1
W-E  ^ ^  ^  . /  ( 2 4 .4 4 )
The c o r r e s p o n d i n g  change o f  volume i s  found  f rom  
e q u a t i o n  ( 2 4 .1 4 )  which f o r  t h i s  c a se  r e d u c e s  to
%  -- [ ( H î , ) l ( i + î O ^ - î f ] r - >  '  13, + ! x - ••
T h is  can by  means of  (2 4 .4 1 )  be t r a n s f o r m e d  i n t o  
Vo e '
where
X -  l ü ^ )  Î . . . ( 24 .46)
\ + J
The f i n a l  s p e c i a l  c a s e  i s  t h e  c a l c u l a t i o n  o f  t h e  seco n d
o r d e r  e f f e c t s  i n  a c r y s t a l  s u b j e c t  to  a s h e a r  5 a l o n g  th e  
p l a n e s  o f  th e  l a t t i c e .  Such a s h e a r  i s  e q u i v a l e n t  
t o  t h e  s u p e r p o s i t i o n  o f  a t e n s i o n  S  i n  the  d i r e c t i o n  o f  th e  
a?*-axis  and an e q u a l  p r e s s u r e  i n  t h e  d i r e c t i o n  o f  th e
- a x i s  ( o r  v i c e - v e r s a ) .  The r e s u l t s ,  g i v e n  by e q u a t i o n s  
( 2 4 .1 7 )  - ( 2 4 .2 3 )  can  be u s e d  by p u t t i n g
V -Z .  V * . * ( 2 4 .4 7 )Xij - *4  ^ = S Xjc = 0
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E q u a t i o n s  ( 2 4 .1 8 )  become
?, -  ï .
-b . . . ( 2 4 . 4 8 )
I j  ,  -  t l , + k ) S  + 1S^ J
E
where  th e  c o n s t a n t s  have t h e  f o l l o w i n g  m e a n in g s -
1 \  = h i ]
. , ( 2 4 . 4 9 )
The e q u a t i o n s  (2 4 ,4 8 )  a r e  th e  a n a l o g u e s  of t h e  e q u a t i o n s  
( 2 4 ,4 3 )  and th e  c o n s t a n t s  p l a y  th e  same p a r t  i n  th e
p r e s e n t  case  a s  th e  c o n s t a n t s  >kv ? i n  th e  fo rm er  c a s e .
The change i n  volume p ro d u c e d  by th e  s h e a r  S i s  g i v e n
"by
fo
w i t h
AV s*^  “
v„ = I '  ^ . . . ( 2 4 . 5 0 )
J  .  % . . . ( 2 4 . 5 1 )
 ^ £■ J
These  formulae a r e  th e  a n a l o g u e s  o f  t h e  f o r m u la  ( 2 4 .4 6 )  i n  
t h e  f o rm e r  c a s e .
I f  t h e s e  c o n d i t i o n s  a r e  s l i g h t l y  m o d i f i e d  by r e d u c i n g  
t h e  t e n s i o n  i n  th e  38- - d i r e c t i o n  by a s m a l l  amount , t h e  
p r e s s u r e  i n  t h e  - d i r e c t i o n  b e i n g  k e p t  c o n s t a n t ,  e q u a t i o n  
( 2 4 .4 7 )  becomes
X«_ ^ ° -  S ...(2 4 .5 2 )
- 1 3 4 -
The change i n  volume 5v' i s
-  - I  0-11^)+ -  5V .«. (24.53)
Vo *
where  5V i s  g i v e n  b y  ( 2 4 . $0) and ( 2 4 .5 1 )
Vo
J|i can  be a d j u s t e d  i n  such  a way t h a t  <5V* v a n i s h e s .  T h is  
p a r t i c u l a r  v a lu e  of , i s  a c c o r d i n g  to  (2 4 .$ 3 )  g i v e n  by
+ ^   Sy  . . . ( 2 4 , 5 4 )
 ^ Vo
S in c e  th e  r i g h t - h a n d  s i d e  o f  t h i s  e q u a t i o n  i s ,  a c c o r d ­
i n g  t o  ( 24 . 50 ) o f  t h e  o r d e r  o f  m agn i tude  , e q u a t i o n
( 24 , 54 ) e x p r e s s e s  t h a t  i s  o f  t h e  o r d e r  o f  m ag n i tu d e  S/^ ,
t h a t  i s  to  s a y  t h a t  ^  i s  a c t u a l l y  s m a l l  compared w i t h  S , 
i n  c o n f o r m i t y  w i t h  th e  above a s s u m p t io n .
The f o r m u la  ( 2 4 .$ 4 )  p r o v i d e s  a p o s s i b i l i t y  f o r  a v o i d i n g  
th e  d i f f i c u l t y  o f  m e a s u r in g  e x a c t l y  th e  i n c r e a s e  i n  volume 
due t o  s h e a r ,  by m e a s u r in g  i n s t e a d  th e  d i m i n u t i o n  o f  t h e  
t e n s i o n  w h ich  r e s t o r e s  th e  o r i g i n a l  volume o f  t h e  same.
V a l u e s  of , A ,  bave
b e e n  worked ou t  b o u s in g  th e  fo rm  o f  th e  p o t e n t i a l  e n e rg y  
g i v e n  i n  e q u a t i o n  ( 1 4 . 2 2 ) ,  namely
cJ)(t^ - JUL nnrvYV I _ 1 ^  4" . . , (24 .55)
ona -  n ^
The v a l u e s  of jju a r e  g i v e n  b e l o w ; -
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TABLE XV
nm on Simple f a c e - c e n t r e d b o d y - c e n t r e d
4 5 - 0.132 0 .4 1 0 0.486
4 6 - 0 .4 0 2 0.495
4 7 - - 0.503
4 8 - 0.390 0 .512
4 12 - 0.082 0.373 -
5 6 - - 0.504
5 10 - 0.375 0 .5 3 6
6 12 - 0 .0 6 7 0 .3 6 4 0.549
7 14 - 0.355 0.505
l a r g e l a r g e 0 ,0 0 0 0.333 0.500
The s t a b i l i t y  c o n d i t i o n s  (1 4 .1 3 )  r e d u c e  to 
o ^  k  < , . ( 2 4 . 5 6 )
T h e r e f o r e  f rom  th e  above t a b l e ,  i t  can be seen  t h a t  o n ly  t h e  
f a c e - c e n t r e d  l a t t i c e  s a t i s f i e s  th e  c o n d i t i o n  (2 4 .5 6 )  f o r  a l l  
v a l u e s  o f  and n l a r g e r  t h a n  m- . The b o d y - c e n t r e d  
l a t t i c e  i s  o n l y  s t a b l e  f o r  rmcç  ^ rn<l , The s im p le  l a t t i c e  
i s  n e v e r  s t a b l e .  These r e s u l t s  a r e  i d e n t i c a l  w i t h  th e  
r e s u l t s  e x p r e s s e d  i n  s e c t i o n  14,
S e v e r a l  v a l u e s  of  th e  second  o r d e r  c o n s t a n t s  a r e  a l s o  
g i v e n  f o r  th e  f a c e - c e n t r e d  c u b ic  l a t t i c e .  These  a r e  i n  
TABLE XVI.
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TABLE XVI
om. W e b / c k
4 6 • - 4 .2 0 - 2.76 0.230 0 .4 0 2
4 8 - 4 .4 1 - 2 .74 0 .154 0.390
6 12 - 5 .0 7 - 2 0 85 0.050 0 . 3 6 4
7 14 - 5.50 -  2.95 0.029 0.355
l a r g e l a r g e - l a r g e - l a r g e 0.000 0.333
Prom t h e  a b o v e ,  i t  can  be seen  t h a t  th e  e l a s t i c  c o n s t a n t s  o f  
t h e  second  o r d e r  a r e  by no means s m a l l  compared w i t h  t h o s e  
o f  t h e  f i r s t  o r d e r ,  b u t  a lw ays  of  t h e  same o r d e r  o f  m agni­
t u d e .  The n u m e r i c a l  v a l u e s  o f  t h e  o t h e r  c o n s t a n t s  a r e  
g i v e n  b e lo w ,  f o r  t h e  f a c e - c e n t r e d  c u b ic  l a t t i c e .
TABLE XVII
cm K 1 -h, J., K
4 6 0 .4 0 2 6.33 - 1 1 . 2 2 - 3 .08 - 1.743 1.230 0 .471 2 1 .2 6 - 7 . 7 6 1.83
4 8 0.390 7 .00 - 9.08 - 3.45 - 2.25 1.70 0 .79 19.43 - 6.45 2 .6 7
6 12 0 . 3 6 4 9.00 -  5.38 - 4 . 6 9 - 3 . 6 3 3.16 2 .1 2 17.50 - 4.30 5 .18
7 14 0.355 10.00 - 4.065 - 5.30 - 4 . 4 8 4 . 0 4 2.97 17.45 - 3 . 6 3 6.53
l a i ’ge 0.333 l a r g e - 4.333 - la rg e - large large l a r g e l a r g e - 1.78 large
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E q u a t i o n  ( 2 4 .2 6 )  can be w r i t t e n  i n  t h e  fo rm
- J .  àK _  4 .  ^  rm+rno-q . . . ( 2 4 . 5 7 )
Kj af ^  — F —
T h i s  shows t h a t  i s  p r o p o r t i o n a l  t o  Ko and  t h a t  t h e
c o n s t a n t  o f  p r o p o r t i o n a l i t y  i s  t h e  same f o r  a l l  s u b s t a n c e s
o b e y in g  t h e  same f o r c e  law. Prom TABLE X V II , i t  can  be 
s e e n  t h a t  even a v e r y  c o n s i d e r a b l e  change  i n  t h e  c o n s t a n t s  
o f  t h e  f o r c e  law does  n o t  a f f e c t  t h e  o r d e r  o f  m a g n i tu d e  o f  
t h a t  c o n s t a n t .
The t a b l e  a l s o  shows t h a t  -k i s  a lw ays  n e g a t i v e ,  t h u s  
k  i s  a lw ays  s m a l l e r  t h a n  k  » T h i s  seco n d  o r d e r  e f f e c t  
i n c r e a s e s  m o n o t o n i c a l l y  w i t h  i n c r e a s i n g  ^  and 'vi and 
becomes i n f i n i t e l y  l a r g e  i n  t h e  l i m i t i n g  c a s e  k " ^  » The
q u a n t i t y  ^  i s  a l s o  n e g a t i v e ,  b u t  i t  d e c r e a s e s  f i r s t  w i t h  
i n c r e a s i n g  rrvx and m. , p a s s e s  a minimum and i n c r e a s e s  a f t e r ­
w a rd s  up to  a l i m i t i n g  v a lu e  - k f o r  • Hence t h e
f i r s t  o f  t h e s e  second  o r d e r  e f f e c t s  i s  most  s i g n i f i c a n t  f o r  
l a r g e  v a l u e s  of ^  and 'w and th e  se c o n d  f o r  s m a l l  v a l u e s  o f  
t h e  c o n s t a n t s .
I t  can a l s o  be s e e n  t h a t  i s  a lw ay s  n e g a t i v e  and  
a lw a y s  p o s i t i v e ,  and th e  a b s o l u t e  v a l u e s  of b o t h  q u a n t i t i e s  
i n c r e a s e  m o n o t o n i c a l l y  v / i th  i n c r e a s i n g  w i t h  and 
T h i s  shov/s t h a t  th e  d im e n s io n s  o f  t h e  c r y s t a l  i n  t h e  symmetry 
p l a n e  a r e  i n c r e a s e d  and t h a t  t h e y  a r e  d i m i n i s h e d  i n  t h e  
p e r p e n d i c u l a r  d i r e c t i o n .  The c o n s t a n t  X i s  a lw ay s  p o s i t i v e
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w h ic h  means t h a t  th e  volume o f  th e  c r y s t a l  i s  i n c r e a s i n g  i f  
s u b j e c t  to  a s h e a r  s t r e s s .  T  b e h a v e s  i n  a s i m i l a r  manner 
and  b o t h  q u a n t i t i e s  a r e  o f  t h e  same o r d e r  o f  m a g n i t u d e ,
Hence i t  can be c o n c lu d e d  t h a t  the  volume o f  a c u b ic  c r y s t a l  
w i l l  a lw ay s  be i n c r e a s e d  by t h e  a p p l i c a t i o n  o f  a s h e a r  
s t r e s s .  The c o n s t a n t s  an d  , how ever ,  b e h av e
d i f f e r e n t l y  f rom  s i n c e  i s  a lw ay s  p o s i t i v e  and
4)^ a lw ays  n e g a t i v e ,  c o n t r a r y  t o  t h e  b e h a v i o u r  o f  t h e  
q u a n t i t i e s  \  and  . M o re o v e r ,  w i t h  i n c r e a s i n g  and 
t h e  v a l u e  o f  4% f i r s t  d e c r e a s e s ,  p a s s e s  a minimum and  
i n c r e a s e s  a g a i n  a f t e r w a r d s  t o  i n f i n i t y  a s  t h e  l i m i t  è 
i s  a p p r o a c h e d ;  Jkx. ? on th e  o t h e r  h a n d ,  d e c r e a s e s  
m o n o t o n i c a l l y , t a k i n g  th e  v a l u e  -  X 'ly i n  t h e  l i m i t  f o r
1 , Hence i n  t h i s  c a se  th e  d im e n s io n s  o f  t h e  c r y s t a l
i n  th e  symmetry p l a n e  o f  s h e a r  s t r e s s  a r e  d i m i n i s h e d  and t h e  
d i m e n s i o n s  i n  t h e  p e r p e n d i c u l a r  d i r e c t i o n  i n c r e a s e d #  Thus 
t h e  second  o r d e r  e f f e c t s  due to  a s h e a r  s t r e s s  depend  v e r y  
m a r k e d ly  on th e  d i r e c t i o n  o f  th e  s t r e s s  r e l a t i v e  t o  t h e  a x es  
o f  t h e  c r y s t a l .
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25 .  THBRMQDYHAMICS o f  CRYSTAL LATTICES,
A S i m p l i f i c a t i o n  o f  t h e  G e n e r a l  T h e o r y .
To o b t a i n  a compact fo r m u la  f o r  t h e  e l a s t i c  c o n s t a n t s ,  
when t h e i r  dependence  on t e m p e r a t u r e  i s  t a k e n  i n t o  a c c o u n t  i t  
i s  n e c e s s a r y  t o  o b t a i n  an  a p p r o x i m a t i o n  f o r  t h e  d y n a m ic a l  
t e r m  i n  t h e  e x p r e s s i o n  f o r  th e  f r e e  e n e r g y ,  fo u n d  i n  s e c t i o n  
1 2 .
Prom ( 12 . 3 ) t h e  e x p r e s s i o n  f o r  t h e  f r e e  e n e rg y  i s
A =. ^  + 3 A/ 4rr . . . ( 2 5 # i )
P e r  t h e  c a s e  o f  t h e  l a t t i c e  d i s c u s s e d  i n  s e c t i o n  l 5 ? t h e
f r e q u e n c i e s  a r e  g i v e n  by
( oi) u;" /€! • • • ( 25*2 )
^  "  tw  S  I " ' "  ' ‘■''^ '^1
= bW ^ (L “  1 • • • ( 25 . 3 )
where  M i s  t a k e n  f o r  t h e  mass o f  t h e  n u c l e u s  and th e  a v e r a g e  
i s  t a k e n  o v e r  th e  p h a s e s  o f  t h e  waves i s  d e f i n e d  by
fUjoiajOij) d«i, . . . ( 25 . 4 )
S u b s t i t u t i n g  ( 1 4 .2 2 )  i n  e x p r e s s i o n s  (15*3)
f " " '  ■ -  ' " • ' ‘ I - ]  -  y © “ =5-5)
and
. . . ( 2 5 , 6 )
e n - ' W ( s r
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Twhere +-I3) and T, i s  d e f i n e d  b y  ( 1 4 .2 )
W r i t e
 ^ f  e  ; Sn W  - %n . . . ( 2 5 . 7 )
St
t h e n  f rom  symmetry c o n s i d e r a t i o n s
=- Sn - sX**' %. Sn = O • • • { 25*8 )
Summing (25*5) and (25«6)  o v e r  t h e  whole  l a t t i c e ,  t h e  
c o e f f i c i e n t s  (15*14) become 
\ \ \ {  - JUL*r\ nm /ToV^ '*'^  f . t-VA) ürO j • • o ( 25 • 9 )
. T ^ U )  b^" " U )  J
\ > 3]  = /T. . 1"1 ,To\n-ml . . . ( 25 ,10)
 ^ [z) J
where
» [Sn2n. W  -  Sn+a] -  L^) -  S^*y] . . . ( 25«>IL)
%. -  Sn+u I si)
w i t h  c o r r e s p o n d i n g  e x p r e s s i o n s  f o r  l^l3 j U 3]^  U 0  ^ I ' A l .
d t  ; t h e  e q u i l i b r i u m  v a lu e  o f  »■ , i s  now i n t r o d u c e d  i n s t e a d
o f  Tq . OL* i s  g i v e n  by ( LJ*») •=. o * U s in g  ( 1 4 .2 2 )  t h e
  v 3 (X Jdijte
t o t a l  p o t e n t i a l  e n e r g y  can be w r i t t e n  a s
3  in Z 'fW  - N k Z h j n U i  ( t s f s ;  4(Lo')''s;? . . . ( 25. 12)
SO that for equilibrium
V '  -  \
where  b  ^ <, . . . ( 2 5 . 1 3 )
The volume *u* of a c e l l  i s  i n t r o d u c e d  i n s t e a d  o f  t h e
l a t t i c e  c o n s t a n t  a
% ’  l a . ;
/ CL \3 o • » ( 25 • 14)
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the  change of  volume i s  e x p r e s s e d  w i t h  the h e lp  o f  a parameter 
I g iv e n  by
[h
W rite  fo r  s h o r t n e s s





, l(A CO M
=  \ ^ \  ^3 1 . . . ( 25 ,16)
and l e t
-bo - ur Cl , -b,-. i c c c \  4. v c c c i  4. ic c  ct
K u r ' c  + i c c cD o = \ C  C l
D 3  = \ C  d  . . . ( 2 5 . 1 7 )
Then th e  d e t e r m i n a n t s  ll*/3]l can be e x p r e s s e d  a s  ^ fu n c t io n s ,  
o f  ^
•  i u /3 ] i  -  [ & o  +  4. + (^3f j
m, . . . ( 2 5 . 1 9 )
C  -  JUL n x  n m  ^
CXo ( r n - m )
The lo g a r i t h m ic  mean frequ en cy  ( 2 5 . 3 ) can now be e x p r e s s e d  as 
a f u n c t i o n  o f  the change o f  volumes
J o ^ û , .  ^ « ^ < ic < jL < ,„ ,b ,? ,.d  + i , l^ ]> ^ ; .(2 5 .2 0 )
expanding  the lo g a r i th m
Jo<j Û5 t  iJ o ^ S  +  % (A,i + A o r + A j \ . . .  )  • • • ( 2 5 . 2 1 )
where
&0 4 -  T>„ + I -0 , -  4- f^T)]
. . . ( 25 . 18 )
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where
4 > „ . . . . ( 2 5 . 2 2 )
N u m e r i c a l  v a l u e s  f o r    have  b e e n  found  f o r  ‘Afw= %%
f o r  th e  c a s e  o f  th e  f a c e - c e n t r e d  cu b ic  l a t t i c e ,  i . e .  v a l u e s  
have  been  found  f o r  < dL«>L«' /^3l>»vv •
C o n s i d e r  now < du> Lcl/jI  ‘
The d e t e r m i n a n t  1 All be e x p r e s s e d  a s  th e  t r i p l e  sum
1 1 ^ / 3 ] l  -  It  I  U r ) ( > -  X ' -  « • * ^ ' 7 ' - j  - ' " ( 2 5 . 2 3 )
where
= txçw  ■bfiiObfit") + b - i t f  T)ill') -b 
4 y. Tf-fM TJ’-'PU")
4 \ [ X  W .  T it ')  ^ t l t" ^ V < ? W  -b^flt') V ( f i t " )  ° " (
The a v e r a g e  ( 2 5 .2 3 )  ove r  i s
^ \ U / a ] l V  = Z ' l ;  I ' U ' t u i  4  ' Z ' l ' U t ' n l 4  Ut ' t l  4
-  I '  I ' U  t' t- i ' j  . . . ( 2 5 . 2 5 )
t  ^
where  th e  d a sh  d e n o t e s  t h a t  th e  z e ro  te rm s  I  ~o > o -L"- o 
a r e  o m i t t e d .  S u b s t i t u t i n g  f rom  ( 2 5 .2 4 )  and t a k i n g  =. of.,
t h e  f o l l o w i n g  r e s u l t s  a r e  o b t a i n e d ;
(i) I ' t t t 'r ]  = ÎZ'U-?(h4 ovf 
(li) fZ'[«'I ij 4 lUl'}j
(ill)  Z ftt' n-r\ = Z tcio b<fU')-bfU-t') + 3o? I .tM)qie)-b(fU')'b<çl«-t'l 
H' '• U' «'
•4■3ft,'* z '  I c  f  TJtÇU') 1 i < f . . ( 2 5 . 2 6 )
ja'
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V a lu e s  o f  th e  sums i n  the  f i r s t  two e x p r e s s i o n s  have  b een  
t a b u l a t e d .  The t h i r d  o f  t h e  e x p r e s s i o n s  (2 5 » 26) i n v o l v e s  a 
l a t t i c e  sum o f  a new t y p e ,  a d o u b le  sum o v e r  ^ and (! . So
f a r ,  i t  h a s  n o t  b een  p o s s i b l e  to  f i n d  a method o f  summing 
them w i t h  any  d e g re e  o f  a c c u r a c y ;  so o n l y  t h e  l a r g e s t  te rm s  
were  t a k e n  i n t o  a c c o u n t .  Compared w i t h  ( 2 5 . 2 6 ) ( i )  t h e  
t h i r d  e x p r e s s i o n  was so s m a l l  t h a t  any  i n a c c u r a c y  i n  th e  
l a t t e r  would n o t  cau se  any l a r g e  e r r o r  i n  t h e  f i n a l  r e s u l t .  
For  t h e  c a s e  m = ü
( i )  = c^(\ +
. . . ( 25 . 27 )
. . . ( 25 . 28)
( i i )  Z ' l U ' i l l +  I t  1 l'Ü
-  -cH '+  'l»+
( li i)  ZUt't-D] » c\t+!Tlo Oht 0 + I caf + tnf]
'  A t*
SO t h a t
-- + 34+ ab i l  + t o - i . r +
T h e r e f o r e  t a k i n g  l o g a r i t h m s  and e x p and in g
+ U'SSl -  iH O l f  4 k to~0-
.  k!o^U+i) + 11  t  e» î’‘ + • • • ( 25 . 29 )
F i n a l l y  c o n s i d e r  th e  d e t e r m i n a n t  o f  th e  a v e r a g e d  • T h is
i s  e q u i v a l e n t  t o  o m i t t i n g  th e  secon d  and  t h i r d  e x p r e s s i o n s  i n  
( 25 . 25) .  I t  can  be seen  a t  once f rom  ( 25 . 27 ) t h a t  t h e  e r r o r  
i s  no t  l a r g e .  The p re d o m in a n t  t e r m  i n  ( 2 5 .2 4 )  i s  t h e  f o u r t h
. . . ( 25 . 30 )
i [ l rU ) .  rU ")f
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The a v e r a g e d  d e t e r m i n a n t  and th e  d e t e r m i n a n t  o f  th e  a v e r a g e d  
d i f f e r  o n ly  by te rm s  which a re  s m a l l  compared w i t h  them.
I < L i  i s  th e  e x p r e s s i o n  ( 2 5 . 2 7 ) ( i ) .  T ak in g  
l o g a r i t h m s  and e x p a n d in g  to  compare w i t h  th e  o t h e r  r e s u l t s
to(A (W" < +• 5^+ C3 î'3 +
 ^ . . . (25 *3 1 )
where
-  S' o » % -  k ' l y  C3 k- b1 • • • (  2 5 . 3 2 )
The c o e f f i c i e n t s  , 3 ^  and f o r  a r e  compared i n
TABLE X V III .  The 6a d i f f e r  f rom  th e  by l e s s  t h a n  2% and  
t h e  a r e  o n l y  a few p e r  c e n t ,  too  l a r g e .
TABLE XVIII
k 1 2 3
^  dit
4 . 8 9 -  4 .0 1 4 . 3 9
io^ < <1jL>L'*-/3]>Aw 4 . 9 5 -  4 . 0 9 4 .4 2
5 . 0 1 -  4 . 1 7 4 .6 7
-fo  ^ cW"
-1 4 5 -
2 6 .  THERMODYIIAMICS o f  CRYSTAL LATTICES.
The E l a s t i c  C o n s t a n t s  o f  a F a c e - c e n t r e d  c u b ic  l a t t i c e  
w i t h  C e n t r a l  F o r c e s .
The l a t t i c e  i s  d e f i n e d  a s  b e f o r e ,  i n  e q u a t i o n s  ( 1 4 .2 )  
and ( 1 4 . 3 ) .  As i n  s e c t i o n  12 th e  f r e e  e n e rg y  A o f  t h e  
s y s te m  i s  a f u n c t i o n  o f  t h e  and th e  a b s o l u t e  t e m p e r a ­
t u r e  T  . I f  t h e  s u r f a c e  e f f e c t s  a r e  n e g l e c t e d ,  A i s  
p r o p o r t i o n a l  t o  W , th e  number o f  p a r t i c l e s  making up th e  
l a t t i c e .
i . e .  A = W 4  ^  3  ^ • O' )' j ) . . . ( 2 6 . 1 )
where  th e  s i x  d i m e n s i o n l e s s  s t r a i n  components  ( 1 4 .1 )  a r e  
i n t r o d u c e d  i n s t e a d  of t h e  .
By r e p e a t e d  d i f f e r e n t i a t i o n  i d e n t i t i e s  be tw een  th e  
h i g h e r  d e r i v a t i v e s  a r e  o b t a i n e d .  When e^-O
t h e n
o u ^ _  2.( ^  4. ^  ^ . . . ( 2 6 , 2 )
00^  ‘ \  BCxx 3 €33/
H E *  & *  % ) *  < ô « . * â . . * & . ; ) ‘ “ - ^ ’
For  a c u b ic  l a t t i c e  i n  e q u i l i b r i u m  by symmetry t h e  f o l l o w i n g  
r e l a t i o n s  a l s o  e x i s t : -
IÉ = IL ' = i t  S ; -   (2 6 -4 )
»-0<S
The n u m e r i c a l ^ a r e  c hosen  i n  such  a way t h a t  i n  Voigt* 
n o t a t i o n  ^  assumes t h e  fo rm
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■^o * 1- i + - f . x + t t * =  +^>^'^m)
+ ^ '}i.'( + 'fii + '%*)
~ + fill + «-33) + 4 » lA + ei. + €33)
+ «il++«■«» +-e.«ix) + i4u« [ex’s +«j’i +<.i)
And t h e  i d e n t i t i e s  ( 2 6 .2 )  and ( 2 6 ,3 )  become
( 2 6 .5 )
^  = -at ,  0 . ^ ,  ,  dJ ,  + J „  +Q.J ,^  . . , ( 2 6 . 6 )
So -  '  So.  ' ' '
I f  V i s  t h e  volume c o n t a i n i n g  W p a r t i c l e s ,  t h e n
y r K / P o ?  o « . ( 2 6 . 7 )
where  P h a s  th e  v a lu e  one f o r  th e  s im p le  l a t t i c e ,  f o u r  f o r  
t h e  b o d y - c e n t r e d  l a t t i c e  and  two f o r  t h e  f a c e - c e n t r e d  
l a t t i c e ,
The d e n s i t y  of f r e e  e n e rg y  i s
+ + • < • ( 2 6 .8 )
where
- 4. -  - . . ( 2 6 . 9 )
P  Or
Cu “ 4 " —  ' l a U P ’) = - i - _ . , ( 2 6 . 1 0 )
P o >  ’ P a >  Pf t ?
( 2 6 . 9 )  i s  t h e  e q u a t i o n  o f  s t a t e  and c„ , Ca , a r e  t h e
e l a s t i c  c o n s t a n t s  i n  V o i g t ' s  n o t a t i o n .
C o n s id e r  t h e  s t a t i c  t e r m  i n  th e  e x p r e s s i o n  ( 2 5 . Ï )  f o r
th e  f r e e  e n e r g y .  I t  i s  assumed t h a t  th e  f o r c e s  be tw een  th e
a tom s a r e  c e n t r a l .  T h e r e f o r e ,  t h e  p o t e n t i a l  en e rg y  o f  t h e
hom ogeneously  deformed l a t t i c e  i s  g iv e n  b y
$  = I' f ...(26,11)
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The s c a l a r  p r o d u c t  o f  th e  p o s i t i o n  v e c t o r s  o f  two l a t t i c e  
p o i n t s  o f  t h e  deformed l a t t i c e  t U) and vW) i s  f rom  ( 2 .2 6 )  
and ( 1 4 .3 )
TUI. XU') = 2L 1/8 . . . ( 2 6 . 1 2 )
D e n o t in g  by yolH') h a l f  th e  change  o f  t h i s  q u a n t i t y  ove r  i t s  
v a lu e  i n  th e  undeform ed l a t t i c e
T W . X I t ' )  =  T o U )  . x , U ' 1  +  . . . ( 2 6 . 1 3 )
ycUl') = io >  I  . . . ( 2 6 . 1 4 )
u s i n g  e q u a t i o n  ( 1 4 . 1 ) .
U U a')?  = io." Z  €,5 4  K 4  . . . ( 2 6 . 1 5 )
Also i f  i s  an a r b i t r a r y  f u n c t i o n  o f  yU3 , t h e
e x p a n s i o n  o f  t h e  p o t e n t i a l  e n e r g y  of th e  de fo rm ed  l a t t i c e  i s
+ /oUA)Di(U) j  . . . ( 2 6 . 1 6 )
I t  i s  c o n v e n i e n t  t o  i n t r o d u c e  t h e  n o t a t i o n
^ V  (ptO . . . ( 2 6 . 1 7 )
h a s  t h e  f o l l o w i n g  symmetry p r o p e r t i e s s -
0 - 7 -  o - r  -  o - r  -  ^ 7 ^  c r 7 "  . . . ( 26 . 18 )
On a c c o u n t  o f  t h e s e ,  an a b b r e v i a t e d  n o t a t i o n  c a n  be  u s e d .
i s d e n o te d  by







d e n o te d  by 
d e n o te d  by
0-;
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U sin g  (2 6 .1 4 )  and (2 6 .1 5 )  in  ( 2 6 ,1 6 )  the f o l l o w i n g  r e s u l t  i s  
o b t a i n e d ; -
•V 3^3 €,i 4- €116x1 + €^%3 4- ^^3% +- . o . ( 26 o 19)
where
Ao * 4.<5-/ i ^ l  A) = 1 0- '^ . . . ( 2 6 . 2 0 )
In e q u a t io n  (2 5 ,3 1 )  i t  was shown th a t  an approxim ation  to  
p a r t  o f  the expansion o f  the dynamical term in  the  f r e e  
energy  cou ld  be w r i t t e n
Joi  ^ cU><U/i]>Av '  Z ' Z ' X ’ U - l ' r J  . , . ( 2 6 . 2 1 )
St 'Bo Y 6* iGu + <33) 4. \  +€jY)
 ^3 4- Ej; 6%t ) 4- 64 lG^ 4-6{^ 4*€ )^ , " , ( 2 6 . 2 2 )
where the c o e f f i c i e n t s  have the v a lu e s
^ "Q»^  ^îi ’  t y i  -  3/3,)/
 ^  ^ . . . ( 2 6 . 23 )
- ^ 3  -- I k  '
w it h
A  “ ^  A  “ ilo}^ V 103' 4-
f ix  -  ^ 1 0 - , ° +  ( r ^ ) ( ( T ^  +  : ( r ; '  4  3 0 3 ^  +  <JV.’ ( f fx  +  1  <Tj")
+ 10^  o-j" + i,er{?- + Xff» er}] . . .  ( 2 6 .2 4 )
h  - t K  + + < '  + 3 * 3 )  + i [ L 0i7 + Xff-j'THffjflj"]
+ la-i C«î' + ‘i«j") + 0-," 03" + iç ^T î
= i l f f ?  + - io ï ' )  +  X(T? 03“ -  (.0-3"^ -  k x ' f
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Finally from (25.3)
4. e^a.(e.M 4. eîi 4 €3^3)
4- 4. 63J 4- €u G%%) 4- "B4 L^ xa 4- €3 , 4--ejx^
- 1 ioQ M . . . ( 26 . 25)
S u b s t i t u t i n g  (2 6 .2 5 )  and (2 6 .1 9 )  i n  ( 2 5 ,2 )  now g i v e s  t h e  
f o l l o w i n g  e x p r e s s i o n  f o r  A .
^ -  3J)TAo,gT + lA.x- 1 AT 80') + i(.ft,->-*Ta,)Uu+«xx+-«»)
Ui. + iiTeOU?: + «i. + + ■t 1^ 3+ AiTRaXexvejj +«ji cu + %.%-J
t  ÛhXcvX 4. + z \ )  ■ • • ( 2 6 .2 6 )
Comparing  t h i s  w i t h  ( 2 6 .8 )  and u s i n g  ( 2 6 .9 )  and (2 6 .1 0 )  t h e  
f o l l o w i n g  e x p r e s s i o n s  a r e  o b t a i n e d ; -
"""t ” La» ■»- T^8»)y_^  ■=. ijT 6x) y
' . . . ( 2 6 , 2 7 )
Cvx ■= C^i + +'
I t  i s  c o n v e n i e n t  to  w r i t e  t h o s e  e q u a t i o n s  i n  a r e d u c e d  fo rm
by i n t r o d u c i n g  the  q u a n t i t i e s  ^  i j "by means o f  t h e
d e f i n i t i o n s
Jj Ô- Vo * N n a. 4». -  . . . ( 2 6 . 2 8 )
where Rt -feW i s  th e  gas  c o n s t a n t  and ll i s  t h e  d i s s o c i a t i o n
e n e r g y .  Then
i l )  •  ( & ) '  . . . ( 2 6 . 2 9 )
F i n a l l y ,  a s  i n  th e  p r e v i o u s  s e c t i o n  t h e  change  i n  volume i s
e x p r e s s e d  w i t h  the  h e l p  o f  a p a r a m e t e r  j  g i v e n  by
( 7")''^''’'"’ = >+ !  . . . ( 26 . 30 )
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S in c e  Po? , . ,
t h e  r e d u c e d  e q u a t i o n s  (2 6 .2 7 )  
a r e
- +  .  V* i f " - "  U '  ^ 1 ^L iX Ô -» fo
U4 3 7 - "  Y j  . . . ( 2 6 . 3 1 )
The p a r t i c u l a r  law  o f  f o r c e  g iv e n  b y  (1 4 ,2 2 )  i s  now 
i n t r o d u c e d  and n u m e r i c a l  v a l u e s  of th e  c o n s t a n t s  A,, 4j, G,,
'^3, 3 y fo u n d .  I t  i s  d e s i r e d  to  have  th e  e l a s t i c  
c o n s t a n t s  a s  f u n c t i o n s  o f  ^  and T  ; t h e r e f o r e  |  must  be  
e l i m i n a t e d  V7ith the  he lp  of th e  f i r s t  e q u a t i o n  ( 2 6 . 3 1 ) .
T h is  can  be done n u m e r i c a l l y  or  g r a p h i c a l l y  s i n c e  a l l  t h e  
e x p r e s s i o n s  a r e  l i n e a r  i n  1/^ . The f i n a l  r e s u l t s  have
b e e n  p r e s e n t e d  i n  th e  fo rm  o f  d ia g r a m s  g i v i n g  the  volume 
and  t h e  e l a s t i c  c o n s t a n t s  a s  f u n c t i o n s  of T/^  f o r  d i f f e r e n t  
v a l u e s  o f  and a l s o  t h e  volume a s  a f u n c t i o n  of
f o r  d i f f e r e n t  v a l u e s  o f  "î/ô ■ From t h e s e  g r a p h s  i t  i s  
p o s s i b l e  to  s a y s -
( i )  The t e m p e r a t u r e  dependence  of  t h e  e l a s t i c  
c o n s t a n t s  f o r  v a r i o u s  h y d r o s t a t i c  p r e s s u r e s  a r e  a l l  o f  t h e  
same t y p e .  A l l  the  e l a s t i c  c o n s t a n t s  d e c r e a s e  a t  f i r s t  , 
l i n e a r l y  w i t h  T/^ , b u t  t u r n  upwards a t  s a y ,  and
e v e n t u a l l y  r e a c h  th e  - a x i s  a t  s t e e p  r i g h t  a n g l e s ,  w i t h  
t h e  e x c e p t i o n  o f  t h e  c ^ - c u r v e s  w h ich  t u r n  ov e r  a f t e r  t h e  
a x i s  h a s  b e en  r e a c h e d .
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( i i )  c», >c»v. From ( 2 6 . 3 1 ) ,  i t  can be seen  t h a t  t h e  
Cauchy r e l a t i o n  = c**,* i s  s a t i s f i e d  f o r  , b u t  f o r
f i n i t e  t e m p e r a t u r e s  t h e r e  a r e  s t r o n g  d e v i a t i o n s .
The t u r n i n g  p o i n t s  o f  eac h  o f  t h e  c u r v e s  i n d i c a t e s  
some k i n d  o f  i n s t a b i l i t y  of  th e  l a t t i c e .  I f  t h e  a b s c i s s a  
o f  such  a t u r n i n g  p o i n t  i s  p l o t t e d  a g a i n s t  ,
p r a c t i c a l l y  a s t r a i g h t  l i n e  i s  o b t a i n e d ;  a l l  t h e s e  l i n e s  
c o r r e s p o n d i n g  to  th e  f o u r  q u a n t i t i e s  V t„ c,v , and
Vo * )
r e f e r r i n g  to  th e  same v a l u e s  o f  and p r a c t i c a l l y  
c o i n c i d e .  I t  can a l s o  be seen  t h a t  t h i s  i n s t a b i l i t y  
c r i t e r i o n  i s  i n  a l l  c a s e s  s h a r p e r  th a n  th e  o r d i n a r y  
c r i t e r i a  Cu> > o . T h is  shows t h a t  th e  m e l t i n g
p o i n t  c a n n o t  be d e t e r m i n e d  by Cum=-o , a s  s t a t e d  by 
Born  (2^0
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CUBIC LATTICE.
I n  p r e v i o u s  s e c t i o n s ,  where t h e  f o r c e  law h a s  been  
t a k e n  in  th e  fo rm  ( 1 4 . 2 2 ) ,  the  v a l u e s  o f  'vr» and ^  have 
b e e n  t a k e n  t o  be t  and 11 r e s p e c t i v e l y .  By com bin ing  
f o r m u la  f o r  s e v e r a l  p h y s i c a l  q u a n t i t i e s  w i t h  t h e i r  known 
e x p e r i m e n t a l  v a l u e s  i t  i s  p o s s i b l e  to  f i n d  M and r\ f o r  
p a r t i c u l a r  s u b s t a n c e s .
For a g e n e r a l  m and orv ( 2 5 , 2 6 ) ( i )  can be w r i t t e n  i n  
t h e  fo rm
-  g  4- • • • ( 2 7 , 1 )
loû dbJ" <[pi/3]>Av -  c o ^  4- 3Cm4x) ioc| ti-hl) 4 t\4 k1) . , , ( 2 7 . 2 )
 ^ m-m /
where
k -- m - ' )  S°n.x ). . . . ( 2 7 . 3 )
Sn+x — (n-0 S?n+x
The e x p r e s s i o n  f o r  th e  p o t e n t i a l  e n e rg y  o f  th e  whole  l a t t i c e  
i s  g i v e n  by  (25*12 ) and s i n c e  = I + ^ t h i s  can  be
w r i t t e n
?  .  f / - ' »  0 l - n + m + m ! )  . . . ( 2 7 . 4 )
O-Cn - rr\)
On d i f f e r e n t i a t i n g  A/^ w i t h  r e s p e c t  to  the  volume of  
t h e  c e l l ;  the  e q u a t i o n  o f  s t a t e  f o r  t h e  c r y s t a l  i s  o b t a i n e d ,
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c o n n e c t i n g  th e  p r e s s u r e  , th e  t e m p e r a t u r e  T  and t h e  
VOlume V
+ '  " ^ 1 % ) "  -  t  V ^winXoc,<W-<U;a]>f,v . . . ( 27 . 5 )
t  ^ i P l l ) +  X G-l,?)] . . . ( 2 7 . 6 )
^0
w here  4a'4. = - k e  . . . ( 27 . 7 )
F Ü )  =- 7 " ' "  0 +  1 Sm 3
(j (_nn- rn)
k3)
. . . ( 27. 8 )
W r i t e
'V = ^  1 ) '^  ) ÔJ -  t  ,  "Y = -T A.. - . { 27 . 9 )
where  Vo •=■ WiZq and th e  c o n s t a n t s  and & of  th e  
d im e n s io n s  of  p r e s s u r e  and t e m p e r a t u r e  a r e  d e f i n e d  by
V a  s 4>oVo . , . ( 27 . 10)
The e q u a t i o n  o f  s t a t e  can  be  w r i t t e n  i n  the  form
a  = l F +  G-'V)C'+ î f "  % x [ p + ( i . ' Y 3 . . . ( 2 7 . 1 1 )
7/he re  F and G- a r e  d e f i n e d  by ( 27 . 8 ) .
Three
F a u r more f u n c t i o n s  a r e  i n t r o d u c e d
a. = 'Tilt* •'•■"X? ( IfL  ) S., . . . ( 27 . 12)
b -Û \ *
Jir % o o . ( 27 • 13 )
...(2 7 .1 4 )
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U s in g  ( 27 . 8 ) t h e s e  e q u a t i o n s  become
0.3 i f '  . . . ( 27 . 15 )
G-U) '  c 4. A r l ^ )  , . . ( 27 . 16 )
14*3
The q u a n t i t i e s  a r e  t h e  s im p le  sums w h ich  w ere  i n t r o ­
du c ed  i n t o  s e c t i o n  14, Thus,  w i t h  th e  h e l p  of  th e  
r e l a t i o n s  ( 2 7 - 9 )  - (27*16)  and ( 2 7 . 3 )  can be  c a l c u l a t e d  
a s  a f u n c t i o n  o f  1 f o r  any  p a i r  o f  v a l u e s  ov\ and ^  , and  
f i n a l l y  f rom  t h i s ,  t h e  e q u a t i o n  o f  s t a t e  c a n  be o b t a i n e d ,  
g i v i n g  th e  r e d u c e d  volume ^  a s  a f u n c t i o n  o f  th e  r e d u c e d  
p r e s s u r e  Co and  th e  r e d u c e d  t e m p e r a t u r e  y
I t  now r e m a in s  t o  f i n d  t h e  r e l a t i o n s  w h ich  e x i s t  
b e tw e e n  th e  p h y s i c a l  q u a n t i t i e s .  For th e  c a l c u l a t i o n s  
w h ic h  f o l l o w  two more q u a n t i t i e s  a r e  i n t r o d u c e d : -
- J t 4  c -  \ 4 4KaJ . . 0( 27 . 17 )
4s. =- kJf-4 C - \ 4 1 4 00 . ( 27. 18)
E q u a t i o n  (27*11)  must  now be s o l v e d  f o r  1  . As u n d e r
n o rm a l  c o n d i t i o n s  \  and T  a r e  s m a l l  compared w i t h  4^ 0 
and  6- , and V i s  o n ly  s l i g h t l y  b i g g e r  t h a n  Vd ? t h e
q u a n t i t i e s  to , y  and 1 a r e  s m a l l  compared  w i t h  u n i t y .  
The s i m p l e s t  method o f  f i n d i n g  1 i s  t h e r e f o r e  t o  expand 
t h e  f u n c t i o n  a power s e r i e s  up to  t h e  se c o n d
o r d e r ,
U s in g  t h e  r e l a t i o n s  ( 27 . 1 1 ) ,  ( 27 . 9 ) ,  (27*15)  and 
( 27 . 16 )
^ a;3 4- ^ L m + 3 ) 3 ^ +  4- U 4-0 4-b ü - o j î r  . . . ( 27 , 19 )
- 1 5 5 -
to
The s o l u t i o n  o f  t h i s  e q u a t i o n  w i t h  r e s p e c t  t o  |  , t o  t h e
same d e g r e e  o f  a p p r o x i m a t i o n  i s
I z  d -  Uxty'i'v] + 4- tàCbr + C V'
where
A  =  —
olA
. O . ( 27*20 )
+ __ ^  îU ^c) TlrC\-Vc)jJ ( 27 . 21 )
or L 4
Hence t h e  v a l u e  of  4, up to  t h e  secon d  o r d e r  and s u b s t i t u ­
t i n g  f o r  Aj "Bj c
z ^ ( t o -  4- ^  ^
, . . ( 27 . 22 )
/6Q/ ^
The c o m p r e s s i b i l i t y  K , t h e  t h e r m a l  e x p a n s i o n  oC and 
t h e i r  d e r i v a t i v e s  w i t h  r e s p e c t  t o  t e m p e r a t u r e  and p r e s s u r e  
c a n ,  i n  v i r t u e  o f  ( 27*9 ) and  ( 27* 10 ) ,  be  e x p r e s s e d  i n  
t e r m s  o f  t h e  above q u a n t i t i e s  a s  f o l l o w s ? -
Ko = -1 i ^ y \ - 1  i m
•jid I 32)/o ) 0^0 =  TT C^), = i  11?),
i l l a J l  ■' I S V l f a j T l o  ' i è l l x ) »  ’  . . . ( 2 7 . 2 3 )
(It). = “i o l l i ) .
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w h e re  t h e  s u f f i x  o i n d i c a t e s  t h a t  t h e  v a l u e  i s  t a k e n
vfhen U3 K o .
S u b s t i t u t i n g  t h e  v a l u e  o f  f  f r o m  ( 27 . 22 ) i n  ( 2 7 . 2 3 )  and  
p u t t i n g  w  & 'Y = o
+o'^o ’  . . . ( 2 7 . 2 4 )
“ o -  . . . ( 2 7 . 2 5 )
«  I » ) .  -  -  . . . ( 2 7 . 2 6 )
«  ( # ) .  '  i l Y *  . . . ( 2 7 . 2 7 )
. i .  1 % ) .  ■ - i , C 4 ) .  -  U f  2
From ( 2 7 . 2 4 ) ,  ( 2 7 . 2 5 )  and  ( 2 7 - 1 0 )
V I »  ,  QU . . . ( 27 . 29 )
ft Ko Q
The p o t e n t i a l  e n e r g y  o f  th e  l a t t i c e  ^  , w h ic h  i s  e q u a l  
a n d  o p p o s i t e  i n  s i g n  to  t h e  h e a t  o f  s u b l i m a t i o n  -V p e r  
m ol .  o f  t h e  s u b s t a n c e  a t  z e r o  t e m p e r a t u r e  i s  g i v e n  b y
— ^  -A- %. NiL • • » ( 2 7 * 3 0 )
, o <È±rrrwhere
i n  e q u i l i b r i u m  when » . - a a . . . . ( 27 . 3 1 )
prom  ( 27 . 3 0 ) and  ( 27 . 10 )
(P^ A ' " « ( 27 . 3 2 )
- 1 5 7 -
T h i s  can  h e  t r a n s f o r m e d  i n t o
Ko -A- - • • • ( 2 7 * 3 3 )
To a s c e r t a i n  w h e t h e r  a f o r c e  law  o f  th e  t y p e  ( 1 4 , 2 2 )  i s  
c o m p a t i b l e  w i t h  t h e  p r o p e r t i e s  o f  s o l i d  e l e m e n t s ,  a  v a l u e  f o r  
t h e  p r o d u c t  o f  t h e  e x p o n e n t s  i n  t h e  f o r c e  law  f o r  a 
p a r t i c u l a r  s u b s t a n c e  i s  o b t a i n e d  f ro m  th e  o b s e r v e d  v a l u e s  o f  
Ko ) Vo a n d - t .  by  means o f  t h e  f o r m u l a  ( 2 7 * 3 2 ) .  ' V a l u e s  o f  
t h e  sum (jn+n) a r e  a l s o  r e q u i r e d ,  t h e n  b o t h  e x p o n e n t s  can  be 
d e t e r m i n e d  s e p a r a t e l y .  The most  d i r e c t  way o f  d o i n g  t h i s  i s  
t o  u s e  t h e  f o r m u l a  ( 2 7 «26) by a p p l y i n g  i t  t o  m e a su re m e n ts  o f  
t h e  d e p e n d e n c e  o f  c o m p r e s s i b i l i t y  on p r e s s u r e .  F u r t h e r  
m a t e r i a l  c an  be  o b t a i n e d  by u s i n g  t h e  r e l a t i o n s  ( 27 . 27 ) ,  
(27*28)  and ( 2 7 . 2 9 ) ,  Graphs c o r r e s p o n d i n g  to  t h e  r i g h t - h a n d  
s i d e s  o f  t h e s e  e x p r e s s i o n s  have  b e e n  drawn (12)  a s  f u n c t i o n s  
o f  •m and  'Yv. f o r  i n t e g e r  v a l u e s  o f  4^+ . From t h e s e
g r a p h s  v a l u e s  f o r  can  be d e r i v e d  f ro m  m e a su re m e n ts  o f
Ok and i t s  d e p en d e n ce  on t e m p e r a t u r e ,  and f u r t h e r ,  f ro m  th e  
d e p e n d e n c e  o f  K on t e m p e r a t u r e  i n  s u c h  a way t h a t  t h e y  a r e  
c o n s i s t e n t  w i t h  t h e  a l r e a d y  d e t e r m i n e d  v a l u e s  o f  . The
v a l u e s  o f  t h e  e x p o n e n t s  nm and o b t a i n e d  i n  t h i s  way were  
fo u n d  to  be  v e r y  s i m i l a r  e x c e p t  i n  a  few c a s e s .
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CONCLUSION,
T h i s  d i s s e r t a t i o n  h a s  t r i e d  t o  s e t  o u t  t h e  t h e o r y  o f  
t h e  e n e r g y  d e n s i t y  and th e  e l a s t i c  c o n s t a n t s  o f  c r y s t a l s  
and o f  t h e  r e l a t i o n s  b e tw e e n  t h e s e  e l a s t i c  c o n s t a n t s  f o r  
t h e  d i f f e r e n t  g r o u p s  o f  c r y s t a l s .  I t  h a s  a l s o  t r i e d  to  
g a t h e r  t o g e t h e r  t h e  v a r i o u s  r e s u l t s  on t h e  s t a b i l i t y  of  
some o f  t h e  s i m p l e r  k i n d s  o f  c r y s t a l s  and to  p o i n t  ou t  t h e  
a p p r o x i m a t i o n s  u s e d  i n  t h e s e  e x a m p le s .  As f a r  a s  p o s s i b l e  
a n y  e x p e r i m e n t a l  e v i d e n c e  w h ic h  f i t s  t h e  t h e o r y  h a s  b e e n  
n o t e d .
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